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M-theory is “defined” by

non-perturbative llA string theory

More precisely,
M-theory on §' = type IIA string

radius of §' ~ string coupling constant
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It wass claimed:
“All string theories are unified”

Type | SO(32)

Hetero E8 x E8
Type lIA

Hetero SO(32) Type 1IB

Any string theory = a compactification of M-theory

Various string dualities are manifest in M-theory



M-theory
is described by

11d supergravity
in a low energy limit



Fields in 11d sugra
are
and meiric only.

(except gravitino)

3-forms C,,,,

Only M2-branes and M5-branes
are (charged) branes



Thus,
M2-branes and M5-branes
are

highly important
for understanding M-theory



Branes also are unified into M-branes,

there is a field theory analogue
of the M-theory web

éd (2,0) superconformal field theory
defined by
a low energy effective theory
on M5-branes




Field Theory Analogue of M-theory web:

2d Liouville (or Toda) theory

4d N=2 SQCD

Seiberg-Witten
4d N=4 SYM

Weak coupling

4d N=1 SQCD
N=4 SYM

Strong coupling

Many 4d field theories = compacitifications of the é6d theory



Field Theory Analogue of M-theory web:

2d Liouville (or Toda) theory

4d N=2 SQCD

Seiberg-Witten
4d N=4 SYM

Weak coupling

4d N=1 SQCDs
N=4 SYM

Strong coupling

Many 4d field theories = compacitifications of the é6d theory



Understanding
6d (2,0) SCFT (= LEEA of M5-branes)
is
obviously

interesting and important !
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However,

There is no (explicit) definition
of é6d (2,0) SCFT....

a critical person would say
that
this é6d (2,0) SCFT is just an imagination
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So far, no significant progress
for understanding M5-branes themselves.

We should try to go any direction!
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On the other hand,

the other M-brane, i.e. M2-brane,
has been significantly understood recently.

The low energy effective theory on M2-branes
is given by
AB J M anarony-Bergman-Jafferis-Maldacena) iheory,
which is just a 3d Chern-Simons-matter theory.
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We expect that

the M2-branes know the M5-branes.

Why?
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Now, remember that
in type IIA string theory,
D2-branes know D4-branes.

D2-branes (no boundary)

0 ,.1 Super Yang-Mills theory describes these D2-branes
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ADHM(N) construction

Monopole equation Nahm equation
1 A JpK
§€IJKFIJ — DK(I) 1" = ZE[JKT T

D4-bra% D2-branes (terminated at D4-branes)

333?;547335 //

T, X This is a soliton solution in Super YM theory

(= s) 16




llA siring : D2-brane

M-theory (on §') : M2-brane

D4-brane

M5-brane
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We expect that

the M2-branes know the M5-branes.

M2-branes (no boundary)

R

0O .1 ABJM theory describes these M2-branes
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We expect that

the M2-branes know the M5-branes.

M5-bran% M2-branes (terminated at M5-branes)

x3?$473357336 //

T, T This Is a soliton solution in ABJM theory

CUZ(E s) 19




In ABJM theory,
BPS equations for

this M5-brane-M2-brane bound state is

dyl 2n o
72 + Z(Y2y2 Y- YY) v?),
dY? 92n -

dx? " Z(Y YIYE - YRYIY),
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Thus,
the solutions of these BPS eq.
should represent the M5-branes.
Thus those will be important!

(for example, in order to try to find
a Nahm-like transformation to
the BPS solutions in the M5-brane action).

However,

only a few solutions had been known.
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M5-brane

:US, ;z:4, z°, 0

Recently,
we found all solutions
for two M2-branes:

— -

22



The KEY facts:

The BPS equations

dYl 2n

0 = ——+ (YT YY),
dYy? 2r . o
0 = —+ (VY2 —yEiv?,

equivalent!

Lax equation A = [4, B] for Lax pair

| O Y4+ A\Y?
A(s; A) = ( VI \-ly2t O ) '
/\—1}/’1}7‘21 4 /\}’2}’“ O
B(S?/\) — ( O AYHY2 L \-ly2tyl )
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Using this integrable structure
rather tricky,

we find all solutions for two M2-branes.

This could be a small step toward
understanding M5-branes

| will talk about this.

24



Plan

 ABJM theory and the BPS equations
*The Lax pair

*The solutions for two M2-branes
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The ABJM theory and
the BPS equations
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A

M2-brane effective action (3 dim. field theory)
should have

8 scalars = location of M2-brane in 11d spacetime
16 SUSY and SO(8) global symmetry

Conformal symmetry (— not Yang-Mills theory)
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Fields in ABJM action:

4 complex scalars (A=1,2,3,4) YA' YT
bi-fundamental rep. of U(N) x U(N) A

location of M2-branes

4 (2+1)d Dirac spinors A
bi-fundamental rep. of U(N) x U(N) wﬂ ) w T

(2+1)d U(N) x U(N) gauge fields Ay, , Au
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ABJM action
IS
U(N) x U(N) Chern-Simons-matter theory
which has

12 SUSY (N=6)

7 SU(4) x U(1) global symmetry
Conformal symmetry

—

~——

This action describes N M2-branes on C*/Z,

YA N 627T’i/kyA
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S=[d [—5WT1 (A},,&,A/\Jr

%05 —

’:l"
V ferm —

ABJM action:

2 2
gA[LAVA/\ - ApstA/\ - gAp‘,AI/AA>

_T’I‘D;LYATDMYA — il @ATA};MD;L@A - Vbos - V%erm}

472

——Tr (YAYQYBYQYC*YQ FYIVAYLY Y LY ©

3 L2
HAY YR CYIVEYE - 6y Y Y PY YOV

e A | . .
——Tr (};{y ApBiyg — YBIYAY lg — 2V Y Byt g + 2081V AY R4

e 4BC‘D}7I

Y p — €apepY BT}”C'E;’DT) :
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M2-M5-brane bound state in ABJM

We assume

Yl,YQ

—_—

- Yl _ Yl($2)
Y? =Y?*(2%)
VP =Y"=0

LA, =A, =0

M5-brane/‘ M2-branes
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Then,
12 BPS equations for M2-M5 bound stare Is given by

ye = ybybiye _ yaybiy?b

: dY
where Y = — (a = 1,2)
S
M5-brane% M2-branes
Yyt y?
:UO, .5131
xQ = o /

If Y%(c) = oo, there will be M5-brane at ? = c
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If Y%(c) = oo, there will be M5-brane at 22 = ¢

Actually, any solution will becomes
the following basic solution near the M5-branes:

Y a S a

where S are constant N X N matrices satisfying
Sl _ 8282—‘[81 o Sl 82"(82
S? = glgltg? _ g2gltg!
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This can be solved by digonalizing St

by U(N) x U(N) gauge symmetry

[0 VNI
0
s
0

/0

)

\

1

N =2

N—l}

This should represent a Fuzzy 3-sphere
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k
Y a

A ac?
Because 7 1
~T7((8%)18) = N =1

—

radius of 3-sphereis r ~ |/kN/(47a?)

S a

The action 1s evaluated as

Jd i A/:
3 ... i\ a 3 . " a a\T
S ~ —Q/d v TrD,YIDrY e ~ —Q/d Lz,..lm_(mg)ng(S (5)")

d27

]
~ — f da"da |\ drr 7

Correct tension of M5-brane!
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k

The basic solution Y = 5 S
Ara
M5-brane at %
M2-branes
Y1,Y2
.CCO, {El
.’L’Q — S

Adding to this, there are some few solutions had been known
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Translational symmetry

If T is a solution of the Nahm equation 7" = je; T/ T

then, 7 + const.1 isalso a solution.

But, even If Y Is a solution of the BPS equation

Yo =Yyhye — yeyhry?
Y% + const.1 is NOT necessary a solution.

Actually, translational symmetry is broken by the orbifolding.
This 1s an origin of additional difficulty to solve the equation.



The Lax pair
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Let us consider the BPS equations:

ye — ybybiyae _ yaybiyb
(a = 1,2)

The symmetry of the BPS equations Is

Y= Y'"™ =P\ UY VT

U,V ¢ SUN), (A%)cSU(2), €% ecU(1)
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ye = ybybtyae _ yaybty?
equivalent!

The Lax equation A = [A, B]

O Y14 AY*
A(s;A) = ( Y1t _ \—ly2t O ) :
ATV 4 Y2y O
Bls:A) = O AYHY?2 4 A~y 2yt

A 1S a arbitrary constant parameter
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Because of A = A, B]

Tr A" are “conserved charge”

These are summarized to
the spectral curve P(u, A) =0
defined by
P = det(nloy — A)
= det "1y — (Y +AY?) (Y'T =AY
= det [°"1y — (YT = A7Y?) (V' + AY?)]
fH=1
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We introduce a “chirality” matrix

(1 0
r.(o _1N)

Then, we find
{A, F} = 0, [B, F] =

—

O
A(s; A) = ( yii _ \—1y2f

5,
B A— A2
O\

Y4+ \Y?
O

)
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We also introduce a star-conjugate:
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Now, we will consider the so-called
linear problem:

s
UCID
>
=
7~
w
>
|
=
>
<
N
W
P
:..../

If ¢/ 1s an eigen vector with eigen value n

then I'Y is an eigen vector with eigen value — n

44



Then, we will take

r(,f;)i\}?nz- — F/Um NIN+m = —Thn, m = 1 SR N

We define an N x 2N matrix and an 2N x 2N matrix:
Vo= (Y1,...,PN) = (WY1, ..., 0N, Y1, ..., TYN),

D = diag(m,...,mon) = diag(my, - ... N, =15« - -, —1N)

Then, the linear problems are written as:

AV =YD BY = -V
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We have assumed there are 2N linearly
independent solutions for Ay = ny

Then, we can reconstruct A(s;\) from ¥(s;A) and D.
Indeed, we find

A(s; N) =W (s; N)C (NP (s5 M)

C = DN
N =0y
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The relation to two Nahm equations

T = (o) Y Y™
Each of these 3 matrices 7

Ty := (o' )upY"Y"

satisfy the Nahm equation T = der e T/TH

a7



the Nahm equation 77 — je; ;o T/ T
also has a Lax representation

_ Ay =13 + 2 (T; _ z‘Tg) 1 (TO{ + z‘Tg)
A, = |Aa, B, 2 2
@ @A Al Lo g
Ba = 5 (Ta — ZTa) —+ ﬁ (Ta -+ lTa) .

relation to Lax pair for the BPS equations in ABJM?
Indeed, a simple relation:

> (A O ([ By O
=0 4) 2= (0 n

similar to “Dirac equation”!

48



These relations means
P = det(,ulN — Al) = det(,ulN — AQ)

The linear problems for the Nahm equations:

AV, =V, M
BV, = -V,
M = diag(p1, - - -, pw)
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Now consider the original BPS eq. in ABJM
and the linear problem AV = ¥ D

1 /@, W
If we express gp:—( L ! )
P VAU 2

v, W, are the eigenvectors of A
for the corresponding Nahm equations

H O .
D:(O _H), H = diag(m, .., nn)
H? =M
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Next, we assume
eigenvectors for Nahm data are given:

Ui, Wy, M

H O .
D(O _H), H = diag(m, ..., nv)
H* =M
A candidate for ¥ should be

gp_i(gpl !pl)
VA 51



For this W, we can reconstruct A as

4 O U HNG W5
T\ B HN U O

Comparing with 4 = (W _3_1}/% y . NE )

2

0 1k
Cond.1 2 [gle/\/2 1%} —

Cond.2 HN1 — NQH A=A

With these conditions, this A gives
the solutions of the BPS equations!
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The solutions for two M2-branes
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General solutions of the Nahm equations
for N=2 case (with a D4-brane)

1 2

C C

. a : c g ¢
T, = — +t'l,, TS =- + 121,
sinh(x — x,) 2 sinh(z — 2,) 2
3
.. c o .
T3 = + 715,
“  tanh(z —x,) 2 ’
r = CS, c>0
X1 = U, Lo = —l, [ > 0
2 D2-b
D4-brane at T = T4 ranes

x’, T
ZCICS/ o4



For this, the Lax pair is written as

1 1

_ —p _ p
A, = (tanhx 2:6&> M (tanhx 2%4>

J P

i M — (203+t)\12)

2

g = =

4 4 2

1 oy —1 —1
LA AN 1(0 A )




We can compute the candidate of A as

1

. r—x1\ " s T — To \"
U, HNS WS = ( tanh : Dy M2 Ds ( tanh 5

(t | ;Ij)ii?l 1 e*/? :F)\*lef'l’/Q
anh — — | |
2 2sinhx \ Fe /2 er/2

Then, we require the conditions 1,2

82 —1rx
e U HN'WS | =0
A=A

1
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Finally, we find general solution for N=2

- C sinh(x + 1) cos 2¢% sinh { sin £
vl | > 2
2 sinh [ sinh = sinh(z + 1) 0 sinh = cos g oo

2 C sinh x sin o 0
2sinh I sinh z sinh(z + 1) \ sinh/ cos £e sinh(z +1)sin§

M5-brane at x=M R

S7



. c suﬂjﬁl—kl)(osag“) Sﬁﬂllsﬁlg
B \/2 sinh [ sinh 2 sinh(z 4 [) 0 sinh x cos e?
2 _ c sinh x sin g 0
— \/2 sinh /sinh z sinh(x + 1) \ sinh! cos ggw sinh(z + 1)

x— 0 Y% — basic solution

2 €

0
SUE

|
)

_ 7
Yy — QSlflhl cos '’ diag(e!/?,1)
r— 00 _
0
Y? = 5 chl sin — dlag(l el/?)
- sin
2 M2-branes

M5-brane at x=0

-
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We can rewrite the solution as

| 1 6 6 6 6
Yy = 5 (]‘1 smza — fgsmzw -+ fgt Cosza — foe Cos§1g>
; 1 0 6 6 6
ng(fle COSEU —fge Coszw —fgsmEJ —f05111§12>
L, csinh [ _ cosh(z +1/2) ~ sinh(z +1/2)
fi=1= \/2 sinh x sinh(z + () fs = cosh((/2) o o= sinh([/2) h
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We can show that

. 1 6 6 6 6
Yyt = 5 (flsmza + fgsmzzcr + fie'® Cosza — foe* COSE].Q)
; 1 6 v 0 . v
Y? = 5 (flﬁ”coszcr — fye" (’085?:02 — f3 Sil’1§03 — fo sini 12>
with
fi = fifef:

are the solutions of the BPS equations.

f7 — f& are constants
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M5-brane

23, 2t 2P, 2®

These include
all solutions for two M2-branes:

<
-

2 M2-branes

e
>

represented by Elliptic functions
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fi=

where -

explicit form 1

Vic1(us) \| 201 Y (us + w)V (U — u)

D1 (u) \/ w901 (w)05(u,)05(w.) 04 (u.)

Vi(u) := Y;(u, 7) are Jacobi theta functions

S — S0

2&)1

1 .
so € R, 0 <uy < ot w1 € Ry, T € 1R
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explicit form 2

- QJ[(‘B — .5'0)

1/2
1(54)2(54) 3(54) 5 .
Jo = ( ' ' ) fr = fo (I=1,2,3)
p(s — s0) — p(s4) r1(5x)
[ Sy = 2W1 Us, 0 < s < Wi
2 0711 O r41 () Ok 1 ()
where - i 201 U1 (us)Vr1(uy)
_ 97(5:)PK (+)
Or(s)
—: (13 (dr == 0,
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explicit form 3

(13 SN T

0 — 5 1 =

J Vsn?x, —sn?x J
(s SN T, dn @

f2 — i f 3

vsn2z, —sn?z’

(1SN Ty CIN T

Vsn2x, —sn?
a3 SN T,

vsn2zx, —sn?zx

Wk

where &= (s—s). c=ay\/a* — a3, snx, =4/1—

28
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—

Corresponding Nahm data:

I
| o nr o, o
Ti = Q1 (S—SQ)?JFI( 2 2
N cn N dn z
01(S) = ¢ . 0o(S) = ¢ .
51( ) SN 52( ) SN’

where-

S1 = Sp — Sk, S92 = S0 T S«

: . 2
a; — a5 —a K) 19
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Conclusion

BPS M5-branes in ABJM

Lax representation

Dirac equation like structure
New solutions

All solutions for 2 M2-branes
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Future works

Other M2-brane action
Other solutions using integrability

Nahm transformation to solutions in
mysterious M5-brane action

3-algebra structure

Moduli space metric, eic
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Fin.
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