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M-theory is “defined” by 

 

non-perturbative IIA string theory   

 

 

 

More precisely,  

M-theory on S¹ =  type IIA string 

radius of S¹ ~  string coupling constant 
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It was claimed: 

“All string theories are unified” 

11D M-theory 

Type IIA 

Type I SO(32) 

Hetero E8 x E8 

Type IIB Hetero SO(32) 

Any string theory     =    a compactification of M-theory 

 

Various string dualities are manifest in M-theory 
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M-theory  

  

is described by  

 

11d supergravity  

in a low energy limit 
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Fields in 11d sugra 

are 

3-forms         and metric only. 

Only M2-branes and M5-branes 

are (charged) branes   

(except gravitino) 
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Thus,  

 

M2-branes and M5-branes 

 

are  

 

highly important  

for understanding M-theory 
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Branes also are unified into M-branes, 

 

there is a field theory analogue 

of the M-theory web 

 

  

6d (2,0) superconformal field theory 

defined by  
a low energy effective theory  

on M5-branes 
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Field Theory Analogue of M-theory web: 

6d (2,0) SCFT 

4d N=4 SYM 

Weak coupling 

2d Liouville (or Toda) theory 

4d N=2 SQCD 

Seiberg-Witten 

4d N=1 SQCD 

Many 4d field theories =    compactifications of the 6d theory 

N=4 SYM 

Strong coupling 
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Field Theory Analogue of M-theory web: 

6d (2,0) SCFT 

4d N=4 SYM 

Weak coupling 

2d Liouville (or Toda) theory 

4d N=2 SQCD 

Seiberg-Witten 

4d N=1 SQCDs 

Many 4d field theories =    compactifications of the 6d theory 

N=4 SYM 

Strong coupling 
Seiberg-dual 

6d theory as an origin of various dualities! 

AGT 

S-dual 
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Understanding  

 

6d (2,0) SCFT (= LEEA of M5-branes) 

 

is  

 

obviously 

 

interesting and important ! 
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However,  

 

There is no (explicit) definition  

of 6d (2,0) SCFT…. 
 

 

a critical person would say  

that 

this 6d (2,0) SCFT is just an imagination 
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So far, no significant progress 
for understanding M5-branes themselves. 

 

 
We should try to go any direction! 
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On the other hand, 
 

the other M-brane, i.e. M2-brane, 
has been significantly understood recently. 

 
 

The low energy effective theory on M2-branes 

is given by 
ABJM(Aharony-Bergman-Jafferis-Maldacena) theory, 

which is just a 3d Chern-Simons-matter theory. 
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We expect that 

 

the M2-branes know the M5-branes. 

 

 

Why?  
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Now, remember that 

in type IIA string theory, 

D2-branes know D4-branes.  

D2-branes (no boundary) 

Super Yang-Mills  theory describes these D2-branes 
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D2-branes (terminated at D4-branes) D4-branes 

This is a soliton solution in Super YM theory 

Nahm equation Monopole  equation 

ADHM(N) construction 
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IIA string :  

M-theory (on S¹) : 

D2-brane      D4-brane 

M2-brane     M5-brane 
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We expect that 

 

the M2-branes know the M5-branes.  

M2-branes (no boundary) 

ABJM theory describes these M2-branes 
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We expect that 

 

the M2-branes know the M5-branes.  

M2-branes (terminated at M5-branes) M5-branes 

This is a soliton solution in ABJM theory 
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In ABJM theory, 

BPS equations for 

this M5-brane-M2-brane bound state is  
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Thus,  

the solutions of these BPS eq. 

should represent the M5-branes. 

Thus those will be important! 

 
(for example, in order to try to find  

a Nahm-like transformation to  

the BPS solutions in the M5-brane action). 

 

However,  

 

only a few solutions had been known. 
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Recently,  

we found all solutions  

for two M2-branes:   

2 M2-branes M5-brane 
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The KEY facts: 

The BPS equations  

 

 

 

 

Lax equation                 for Lax pair 

equivalent! 
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Using this integrable structure 

rather tricky, 

 

we find all solutions for two M2-branes. 

 

This could be a small step toward  

understanding M5-branes 

 

I will talk about this. 
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•ABJM theory and the BPS equations 

 

•The Lax pair 

 

•The solutions for two M2-branes 

Plan 
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The ABJM theory and  

the BPS equations 
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M2-brane effective action (3 dim. field theory)  

should have 

  
8 scalars  =  location of M2-brane in 11d spacetime 

 

16 SUSY and SO(8) global symmetry 

 

Conformal symmetry (→ not Yang-Mills theory) 
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Fields in ABJM action: 

4 complex scalars  (A=1,2,3,4) 

bi-fundamental rep. of U(N) x U(N)  

 

 

4 (2+1)d Dirac spinors  

bi-fundamental rep. of U(N) x U(N)  

 

 

(2+1)d U(N) x U(N) gauge fields  

, 

, 

, 

location of M2-branes 
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ABJM action 

is  

U(N) x U(N) Chern-Simons-matter theory 

which has 

12 SUSY (N=6)  

SU(4) x U(1) global symmetry   

Conformal symmetry 

This action describes N M2-branes on 
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ABJM action: 
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We assume  

M2-branes M5-branes 

M2-M5-brane bound state in ABJM  
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 ½ BPS equations for M2-M5 bound stare is given by     

                                   Then, 

M2-branes M5-branes 

ST 

If                        , there will be M5-brane at   

Gomis-Rodriguez-Gomez-Van Raamsdonk-Verlinde 
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If                         , there will be M5-brane at   

Actually, any solution will becomes 

the following basic solution near the M5-branes: 

where S are constant N x N matrices satisfying    
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This can be solved by digonalizing S¹ 

by U(N) x U(N) gauge symmetry      

This should represent a Fuzzy 3-sphere   
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radius of 3-sphere is      

The action is evaluated as      

Correct tension of M5-brane!      

Because       
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M2-branes 
M5-brane at x²=0 

The basic solution 

Adding to this, there are some few solutions had been known  
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Translational symmetry   

If T is a solution of the Nahm equation 

then,                                is also a solution.   

But, even if Y is a solution of the BPS equation 

is NOT necessary a solution. 

Actually, translational symmetry is broken by the orbifolding. 

This is an origin of additional difficulty to solve the equation.  
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The Lax pair 

Sakai-ST 
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The symmetry of the BPS equations is  

Let us consider the BPS equations: 
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equivalent!  

The Lax equation  
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are “conserved charge” 

Because of  

These are summarized to  

the spectral curve  

defined by  
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We introduce a “chirality” matrix   

Then, we find 
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We also introduce a star-conjugate:  

Then, we find 
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Now, we will consider the so-called 

linear problem: 
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Then, we will take  

We define an N x 2N matrix and an 2N x 2N matrix: 

Then, the linear problems are written as: 
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We have assumed there are 2N linearly 

independent solutions for  

Then, we can reconstruct A(s;λ) from Ψ(s;λ) and D. 

Indeed, we find 
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The relation to two Nahm equations 

Each of these 3 matrices 

satisfy the Nahm equation 

Nosaka-ST 
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the Nahm equation 

also has a Lax representation 

relation to Lax pair for the BPS equations in ABJM? 

Indeed, a simple relation: 

similar to “Dirac equation”! 
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These relations means  

The linear problems for the Nahm equations: 
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If we express  

Now consider the original BPS eq. in ABJM  

and the linear problem           

                  are the eigenvectors of A   

for the corresponding Nahm equations   
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Next, we assume  

eigenvectors for Nahm data are given: 

A candidate for Ψ should be   
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For this Ψ, we can reconstruct A as 

Comparing with  

With these conditions, this A gives  

the solutions of the BPS equations!   
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The solutions for two M2-branes 

Sakai-ST 
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General solutions of the Nahm equations  

for N=2 case (with a D4-brane) 

2 D2-branes 
D4-brane at  
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For this, the Lax pair is written as 
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We can compute the candidate of A as 

 

Then, we require the conditions 1,2 
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Finally, we find general solution for N=2 

2 M2-branes 
M5-brane at x=0 
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2 M2-branes 
M5-brane at x=0 
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We can rewrite the solution as 
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with  

We can show that   

are the solutions of the BPS equations. 
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These include 

all solutions for two M2-branes:   

2 M2-branes M5-brane 

represented by Elliptic functions   
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explicit form 1 

where 
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explicit form 2 

where 
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explicit form 3 

where 
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Corresponding Nahm data: 

where 
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• BPS M5-branes in ABJM 
 

• Lax representation 

 
• Dirac equation like structure 

 
• New solutions  

 
• All solutions for 2 M2-branes 

Conclusion 
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• Other M2-brane action 
 

• Other solutions using integrability 

 
• Nahm transformation to solutions in 

mysterious M5-brane action 
 

• 3-algebra structure 
 

• Moduli space metric, etc 

Future works 



Fin. 
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