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Gauge theory

Gauge theory in higher E . . . . . .
P :  E.g.: Riemannian manifold (X, ¢g) of dimension n. > 4,

Gauge theory SU(m)—bundle £ — X, A connection on E.

Special holonomy

Berger’s list

The Yang-Mills functional:

The (G —structure

(G5 —instantons
«~— HYM

. 2
Twisted connected sums § YM (A) — ||FA|| — L <FA /\ *FA>5u(m) )

The Hermitian Yang-Mils .
problem

induces the (Euler-Lagrange) Yang-Mills equation

Construction of
asymptotically stable

bundles . *
. CL4J?A = 0.
A polycyclic Hoppe .

theory

n=4: Q*=03®0%, F4==+x%F,4(SDorAsSD)sols.
n>4: ?
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Special holonomy

Tian et al.: a closed (n — 4)—form © on X generalises (A)SD:

FaNO=—xF4 [O —instanton|.

¢, How to find closed tensors?

Holonomy theorem:

1S el'(7) st
0

dr e X,S, €7, st Hol(g).S, =5,

VS =0

with 7 = (R°*°TX @ ®° T*X).
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Berger’s list

Gauge theory in higher E

dimensions

Gauge theory
Special holonomy
Berger’s list

The (G —structure

(G5 —instantons
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problem

Construction of
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bundles

A polycyclic Hoppe
theory

(M™, g) simply-connected Riemannian manifold, g irreducible and
nonsymmetric; then exactly one of the following holds:

Hol (g)

n=7m?>2:
n=38m2=>2:

o Otk W=

= SO (n)
n=2m,m2>2:
n=2mm > 2 :
n=4m,m > 2:
n=4m,m > 2:

Hol (

)

)

U (m) C SO (2m)

N

ol (g) =

SU (m) C SO (2m)

Hol (
Hol (g

)

)
)

Sp( ) C SO (4m)
Sp (m) Sp (1) C SO (4m)

Hol (g) =

G2 C SO (7)

Hol (g)

Spin (7) C SO (8).

We will be interested in the interplay between the following instances:

_ SU(3)
Hol(g) C Go

(Calabi-Yau 3—folds): w1, Q30

(Ga—

manifolds): %,

3 (and *¢?)
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The (Go—structure
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o = (el2 o 634> e5 i (eIS o e42) eﬁ i (el4 o e23) e7 4 e567

{e'}i=1,... 7 canonical basis of (R7) , e =¢elel = €' N €/ etc.

G2 =1{9 € GL(7) | g°po = w0}

A Ga—structure on M " is a form ¢ € Q3 (M) stt,,

wp = fp (0)

for some frame f, : T, M — R?, Vpe M.
If Vo = 0 (torsion-free), (M7, gp) Is a Go-manifold; then we have

dp=0, d*,9=0 and Hol(p)C Gs.
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(Go—instantons +— HYM

Gauge theory in higher E

dimensions

Gauge theory
Special holonomy
Berger’s list

The (G —structure

(G2 —instantons
«— HYM

Twisted connected sums E

The Hermitian Yang-Mils .

problem

Construction of
asymptotically stable
bundles

A polycyclic Hoppe
theory

(W, w) Kahler manifold, £ — W holomorphic vector bundle:

Hermitian metrics unitary (Chern) connections |
Honé& A=Agoné& ’

in particular, Fg,, € Qb1 (g) Then H is Hermitian Yang-Mills (HYM) if
the curvature has vanishing w—trace:

A

Fa=(Fa,w)=0.

Proposition. A HYM connection A on a hol. v.b. £ — TV over a CY
3—fold W lifts to a Gy —instanton on p*€ — M = W x S, where

w A df 4+ Im€Q,
%w/\w—ReQ/\dé’.

v
P
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Gauge theory in higher
dimensions

Twisted connected sums

Ingredients

Asymptotically
cylindrical Calabi-Yau
3-folds

Matching pairs of
building blocks

Twisted connected sums

Twisted gluing for
Hol (p) = Ga

The Hermitian Yang-Mils
problem

Construction of
asymptotically stable
bundles

A polycyclic Hoppe
theory
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Ingredients

G th in high E — . . .
e (X 3w, 1 ) compact, simply-connected, K&hler with:

Twisted.connected sums ; ] E| KB_Surface D & ’—KX‘ with ND/X (hOI) t”Vlal,
roredens B The complement W = X \ D has finite m (W).

Asymptotically .
cylindrical Calabi-Yau E
3-folds : Thinkof W as W = WyU W, where Wy is compact with boundary and
Matching pairs of o
building blocks .

Twisted gluing for ; aWO ~ D X ‘Sfl7 WOO ~ (D X Sl X R+) .

Hol () = G2

The Hermitian Yang-Mils O S

problem E |

Construction of
asymptotically stable
bundles

: S
| D
A polycyclic Hoppe . ~
theory E P =~ %
O s!?

OWg

Was
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Asymptotically cylindrical Calabi-Yau 3-folds

Gauge theory in higher E

dimensions

Twisted connected sums o

Ingredients

Asymptotically
cylindrical Calabi-Yau
3-folds

Matching pairs of
building blocks

Twisted gluing for
Hol () = G2

The Hermitian Yang-Mils

problem

Construction of
asymptotically stable
bundles

A polycyclic Hoppe
theory

Theorem (Calabi-Yau-Tian-Kovalev-CHNP). For W = X \ D as above:

1. W admits a complete Ricci-flat Kahler structure w;

2. Hol (w) = SU (3),i.e. W is Calabi-Yau;

3. along the tubular end D x S} x (R, )., the Kahler form w and the
holomorphic volume form €2 are exponentially asymptotic® to those of
the product Ricci-flat Kéhler metric on D:

k1 +ds N da+ di
(ds +ida) A (kg + ikK) + dW.

w‘Woo
Q\WOO

We say (W, w) is an (exponentially) asymptotically cylindrical Calabi-Yau
(ACyICY) 3—fold.
NB.: k7, kj and ki (hyper-)Kahler forms on the K3 surface D.

‘with dip, d¥ = O (™) .
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Matching pairs of building blocks

Gauge theory in higher E

dimensions

Twisted connected sums o

Ingredients

Asymptotically
cylindrical Calabi-Yau
3-folds

Matching pairs of
building blocks

Twisted gluing for
Hol () = G2

The Hermitian Yang-Mils

problem

Construction of
asymptotically stable
bundles

A polycyclic Hoppe
theory

A building block is a nonsingular algebraic 3—fold X with projective
morphism f : X — P! suchthat D := f*(c0) € |-Kx|isa
nonsingular K3 surface (...). Building blocks admit ACyICY metrics.
Matching data for a pair of building blocks (X, Dy ):

m = {(wr +,wj+,WK +),t}

B choice of hyperkahler structures on D4 such that [wr +| = |@|p. ],
B hyperkahler rotationt: D, — D_ ie.,diffeov: D — D_ st

t*w],_ = WJ 1, t*CUJ’_ = wyr,4 and IT*LUK’_ = —WK +-

These can be obtained as X := Bl oV for e.g. (weak) Fanos:

m V=P

BV CP deg(V)=2,3
BV =PxP

BV —PP (g=12):)
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Twisted gluing for Hol (¢) = G

Cauge treoynfisher 2 Gjven a suitable pair of 3-folds W and W_ as above, one obtains a
. compact oriented 7—manifold

Twisted connected sums o

Ingredients : »
symptotica : — 1 1 —.
S Y= (Wsq4 x 8') Ur (W x §7) = WogsW_,
3-folds .

Matching pairs of

buiding blocks ‘Stretching the neck’, one equips Y with a Go—structure ¢ g satisfying

Twisted gluing for § exaCtly
Hol () = G :

Hol (g03) = Go.

The Hermitian Yang-Mils
problem

Construction of

asymptotically stable E
ymp y : YS,_|_ YS —

bundles

A polycyclic Hoppe E (S, 5+1]
theory . ’
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Twisted connected sums

The Hermitian Yang-Mils
problem

Outline
Asymptotically stable
bundles

Smooth solutions on
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The Hermitian Yang-Mils problem

Enough of PDE!

Instanton gluing
theorem

Construction of
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A polycyclic Hoppe
theory

13/38



Outline

Gauge theory in higher E

dimensions

Twisted connected sums o

The Hermitian Yang-Mils

problem

Outline
Asymptotically stable
bundles

Smooth solutions on
W for all time

Enough of PDE!

Instanton gluing
theorem

Construction of
asymptotically stable
bundles

A polycyclic Hoppe
theory

Goal: to solve the HYM problem FH = 0 on suitable bundles over these
ACYICYs, ergo Go—instantons on the pull-back over W x S*.
Strategy: consider first the ‘nonlinear heat flow’

OH A
— Y& g
f) H ot 2k o Wg x [0,T]
H(0) = Hy

over a truncation, with (Dirichlet) boundary condition

H |aws= Ho |ows

where Hy is a fixed reference (Hermitian) metric on & — W with ‘good’
asymptotic behaviour. Then

H= tim( Jim Hs())

t<T—oo \ S—o0
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Asymptotically stable bundles

Gauge theory in higher E

dimensions

Twisted connected sums o

The Hermitian Yang-Mils

problem

Outline
Asymptotically stable
bundles

Smooth solutions on
W for all time

Enough of PDE!

Instanton gluing
theorem

Construction of
asymptotically stable
bundles

A polycyclic Hoppe
theory

Definition. A bundle £ — W is stable at infinity (or asymptotically stable)
if it is the restriction of a hol.v.b. £ — X satisfying:

B £ isindecomposable;
B £ isstable, hence also &|p, for |z] < 4.

Definition. A reference metric Hy on an asymptotically stable bundle
E — W is (the restriction of) a smooth Hermitian metric on £ — X such
that:

B Hy|p arethe HYM metricson &| , 0 < [z| < §;
B [ has finite energy: ||FH0||L2(W,W) < 00.
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Smooth solutions on W for all time

auoe eon e . Following S. Donaldson, C. Simpson et al.:
wised comecedsurs : - M Each Hg (t) exists and is unique and smooth, Vt € |0, 0o .

The Hermitian Yang-Mils B Hg (t) are bounded in LY (Wg) uniformly in ¢, V1 < p < oo.

problem

Outiine © W Consequently, Hg (T) is of class C"! [Sobolev embedding] and
S | Fagl g < 000 V1 <p <o

ewenser W (...) gruesome analysis (...)

Enough of PDE! B [, is actually bounded in L (Wg) [bounds on Heat Kernell.
poenonaune 2 @ H(T) is smooth [elliptic regularity].

Construction of
asymptotically stable
bundles

Proposition. Givenany 1" > 0, 3/{H (¢)} on £ — W, solution of the
evolution equations

{ - 1%—H_—21FH
H (0) = Hy

with ‘good’ asymptotic behaviour.

A polycyclic Hoppe
theory

on W x[0,T]
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Enough of PDE!

Gauge theory in higher E

dimensions

Twisted connected sums o

The Hermitian Yang-Mils

problem

Outline
Asymptotically stable
bundles

Smooth solutions on
W for all time

Enough of PDE!

Instanton gluing
theorem

Construction of
asymptotically stable
bundles

A polycyclic Hoppe
theory

Theorem 1 (S., 2011). Let £ — W be asymptotically stable, equipped
with a reference metric H, over an ACyICY 3—fold W as given by the
C-Y-T-K-CHNP theorem, and let { H; },o o[ be the 1—parameter family
of Hermitian metrics on £ solving the evolution equation () over W;

then the limit H = tlim H, exists and is a smooth HYM metric on &,
— 00

exponentially asymptotic in all derivatives to H( along the tubular end:

AN

Fy =0, H < H,.

S—o00

so we have a Go—instanton on pt& — W x St
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Instanton gluing theorem

A Theorem 2 (S.-Walpuski, 2013). (X4, D+, m) matching pair of building
: blocks, (Y, pg) := X1 #5X_ the compact 7-manifold and £+ — X

Twisted connected sums o

The Hermitian vang-wils ¢ Nolomorphic bundles s.t.

problem :

Outline : W Stability: £4|p_ is stable with corresponding ASD instanton A 4.
Asymptotically stable ¢ or ege . . — .

bundles : M Compatibility: isomorphismt: £ |p, — £_|p_ covering t s.t.
Smooth solutions on E —*A . A

W for all time v o0, — o0, -

Enough of PDE! : M Rigidity: no infinitesimal deformations of £ fixing restriction to D :
Instanton gluing E

theorem g 1

Construction of E H (Xj:, gndO(gj:)(_Dj:)) — O

asymptotically stable 3

bundles . _ . . _ 1

spovescicropee ¢ M Transversality: im(Ay)Nim(t o A_) ={0} C H A, Tor

theory .

A H' (X4, Endy(Ex)) — Hiloo,i = ker(dzoo,i v dzoai) ‘Di

Then there exists a non-trivial PU(n)-bundle E over Y, a constant
S1 > Sp and for each S > S7 anirreducible (...) Go—instanton Ag on F

over (Y, pg). 18/ 38



Gauge theory in higher
dimensions

Twisted connected sums

The Hermitian Yang-Mils
problem

Construction of
asymptotically stable
bundles

Construction of asymptotically stable
bundles

Slope stability and
normalisation
Hoppe’s stability
criterion

Hoppe’s criterion, Il

Hoppe’s criterion, IlI

Asymptotically stable
bundles
over cyclic Fano 3-folds

Trivial example:
null-correlation bundle
over P>

A polycyclic Hoppe
theory
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Slope stability and normalisation

Gauge theory in higher E

dimensions

Twisted connected sums o

The Hermitian Yang-Mils

problem

Construction of
asymptotically stable
bundles

Slope stability and
normalisation

Hoppe’s stability
criterion

Hoppe’s criterion, Il

Hoppe’s criterion, IlI

Asymptotically stable
bundles

over cyclic Fano 3-folds ¢

Trivial example:

null-correlation bundle «

over P>

A polycyclic Hoppe
theory

Recall the slope of a coherent sheaf is

W(F) = —iig((]f))

A holomorphic vector bundle £ — X (think X = X)) is said to be stable
if, for every coherent subsheaf 7 — &,

p(F) < p(€).
A smooth projective variety X is cyclic if Pic (X ) = Z; then
deg(&) := ¢1(E) - Ox(1)®dimX-1)

The normalisation of £ — X is Eorm := E(—kg), with
ke .= [u(€)| € Z. Clearly

—r+ 1< a(l(—ke)) =c(€) —rke <0.
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Hoppe’s stability criterion

Gauge theory in higher E

dimensions

Twisted connected sums o

The Hermitian Yang-Mils

problem

Construction of
asymptotically stable
bundles

Slope stability and
normalisation

Hoppe's stability
criterion

Hoppe’s criterion, Il

Hoppe’s criterion, IlI

Asymptotically stable
bundles

over cyclic Fano 3-folds ¢

Trivial example:

null-correlation bundle «

over P>

A polycyclic Hoppe
theory

Criterion (Hoppe). Let £ — PP™ be a holomorphic vector bundle of rank
r = 2and c1(£) = 0; then

£ is stable < hY (£) = 0.

Proof.

(=) A section s € H(&) would give a monomorphism Opn < &,
violating stability: ;4(Opn) =0 > 0 = u(&).

(«<=) A destabilising sheaf F < & must be a line bundle.

Since Pic (P™) = Z, we have 7 = Opn (a) whose inclusion is a section
of £(—a). By assumption, we must have a < 0, but then

a=pu(F)zpE)=0>a () O

¢ What about arbitrary degree?
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Hoppe’s criterion, Il

Gauge theory in higher E

dimensions

Twisted connected sums o

The Hermitian Yang-Mils

problem

Construction of
asymptotically stable
bundles

Slope stability and
normalisation

Hoppe’s stability
criterion

Hoppe’s criterion, Il

Hoppe’s criterion, IlI

Asymptotically stable
bundles

over cyclic Fano 3-folds ¢

Trivial example:

null-correlation bundle «

over P>

A polycyclic Hoppe
theory

Criterion (Hoppe Il). Let £ — X be a holomorphic vector bundle of rank
r = 2 over a cyclic variety; then

£ is stable < hY (Enorm ) = 0.

Proof.

(=) Asection s € HY(Eporm ) would give Ox (kg) < &, violating
stability: 1(Ox (ke)) = ke > # = u(€).

(«<=) A destabilising sheaf F < & must be a line bundle.

Since Pic (X) = Z, F = Ox(a) which gives a section of

E(—a) = Evorm (ke — a). By hypothesis, we must have a < kg, but then

a=pu(F)>uE)>ke—1>a () O

¢What about arbitrary rank 1 > 2?
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Hoppe’s criterion, Il

Gauge theory in higher E

dimensions

Twisted connected sums o

The Hermitian Yang-Mils

problem

Construction of
asymptotically stable
bundles

Slope stability and
normalisation

Hoppe’s stability
criterion

Hoppe’s criterion, Il

Hoppe’s criterion, 111

Asymptotically stable
bundles

over cyclic Fano 3-folds ¢

Trivial example:

null-correlation bundle «

over P>

A polycyclic Hoppe
theory

Criterion (Hoppe Ill). Let £ — X be a holomorphic vector bundle of rank
r over a cyclic variety; if

H(A°E)porm) =0 for 1 <s<r—1,
then & is stable. Conversely, if £ is stable then HO(Snorm) = 0.

Proof.

(=) A section of Eyom Would give O(kg) — &, violating stability:
E

w(O(ke)) = ke > 2E = (&),

(<) A destabilising F — & of rank s gives A°*F — A°G, hence a

section of (A*E)(—a) with det F = Ox(a).

By hypothesis, we must have a < kg := kpsg, but then

a=degF > s.u() =pu(NE)>ks—1>a (1) O
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Asymptotically stable bundles

over cyclic Fano 3-folds

Gauge theory in higher
dimensions

Twisted connected sums o

The Hermitian Yang-Mils

problem

Construction of
asymptotically stable
bundles

Slope stability and
normalisation

Hoppe’s stability
criterion

Hoppe’s criterion, Il

Hoppe’s criterion, IlI

Asymptotically stable
bundles

over cyclic Fano 3-folds

Trivial example:

null-correlation bundle «

over P>

A polycyclic Hoppe
theory

Proposition 3 (Jardim-S.). Let & — X3 be the vector bundle, over a
nonsingular cyclic Fano variety, arising from an instanton monad of the
form

0—> 0 (=1)% 2> pe2t2c Lo 0 (1) — >0 (1)
ker 3 . . o
Then & := - is stable. If moreover D C X is a cyclic divisor, then
img «
E|p is stable.

Recall: Therefore £ is a Go—instanton bundle, by Theorem 1.
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Trivial example: null-correlation bundle over

Gauge theory in higher
dimensions

Twisted connected sums o

The Hermitian Yang-Mils o

problem

Construction of
asymptotically stable
bundles

Slope stability and
normalisation

Hoppe’s stability
criterion

Hoppe’s criterion, Il

Hoppe’s criterion, IlI

Asymptotically stable
bundles

over cyclic Fano 3-folds ¢

Trivial example:

null-correlation bundle  «

over P>

A polycyclic Hoppe
theory

. - 2 1
¢ How about larger Picard group, e.g. [P< x P*? o5 / 38



Gauge theory in higher
dimensions

Twisted connected sums

The Hermitian Yang-Mils
problem

Construction of
asymptotically stable
bundles

A polycyclic Hoppe theory

A polycyclic Hoppe
theory

Polytwists
L-degree
Examples

L-normalisation

L-slope and
L-normalisation

Polycyclic Hoppe
criterion, |

Proof
Example

The restriction property
Polycyclic Hoppe
criterion, Il

Examples: extensions
over P2 x P!

The end 26 / 38



Polytwists

Gauge theory in higher E

dimensions

Twisted connected sums o

The Hermitian Yang-Mils

problem

Construction of
asymptotically stable
bundles

A polycyclic Hoppe
theory

Polytwists
L-degree
Examples

L-normalisation

L-slope and
L-normalisation

Polycyclic Hoppe
criterion, |

Proof

Example

The restriction property E

Polycyclic Hoppe
criterion, Il

°
Examples: extensions ¢

over P2 X pl

The end

A projective variety X will be called polycyclic if Pic (X) ~ Z'*! for some
[ > 0. (e.g., all weak Fano 3-folds).
Fix Pic (X) = (Yo, Y1,...,T;); given 7 € Z'T! one denotes

O(p) = Ox(po, - p1) =T @--- @ T
Accordingly, given £ — X, its polytwist is denoted by
8(}5) — g(po, “.

Set [h;] := ¢1(Y;) € H?(X,Z). For a torsion-free coherent sheaf F of
rank s and [c1 (F)] = polho] + - - - + pi[lu]:

7pl) =& ) O(p()a SR 7pl)°

det F = (/\SF)VV — O(p()a s 7pl)7

27138



L-degree

Gauge theory in higher
dimensions

Twisted connected sums o

The Hermitian Yang-Mils

problem

Construction of
asymptotically stable
bundles

A polycyclic Hoppe
theory

Polytwists
L-degree
Examples

L-normalisation

L-slope and
L-normalisation

Polycyclic Hoppe
criterion, |

Proof

Example

The restriction property E

Polycyclic Hoppe
criterion, Il

Examples: extensions
over P2 x Pl

The end

Fix polarisation . — X; the L—degree of F is
degy, F := ci(F) - L™+
and it induces a linear functional 07, on the lattice V/aRs
0L(po, - - - pi) = degr O(po, - -, p1).
Denoting by {Ei)}izo,--- ; the canonical basis of V/REE

deg; F(m'e;) = deg; F + m (rank F) 61, (€; ).
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Examples

Gauge theory in higher E

dimensions

Twisted connected sums o

The Hermitian Yang-Mils

problem

Construction of
asymptotically stable
bundles

A polycyclic Hoppe
theory

Polytwists
L-degree
Examples

L-normalisation

L-slope and
L-normalisation

Polycyclic Hoppe
criterion, |

Proof

Example

The restriction property E

Polycyclic Hoppe
criterion, Il

°
Examples: extensions ¢

over P2 X pl

The end

Example 1 (Cartesian product). X =P" x P, L := O(1, 1):

degL]: =

ot e o) ()

Example 2 (Hirzebruch surfaces). X = ¥, := P (Op1(a) ® Op1),
Pic(X)=2.5,DZ.H,L:=0O(1,a+ 1);ifdet F = O(p1, p2), then

deg; F = (a+ 1)p1 + po — apy = p1 + po.

Example 3 (Blow-up of P? at [ points). X = 1@2(1),
Pic(X)=Z.F1& ---®Z.E®Z.H, L:=0O(—1,...,—1,1+1);if
det F = O(p1, ..., pi11) then

deg; F=p1+---+p+ U+ 1)pr41.
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| -normalisation

Gauge theory in higher
dimensions

Twisted connected sums o

The Hermitian Yang-Mils

problem

Construction of
asymptotically stable
bundles

A polycyclic Hoppe
theory

Polytwists
L-degree
Examples

L-normalisation

L-slope and
L-normalisation

Polycyclic Hoppe
criterion, |

Proof

Example

The restriction property E

Polycyclic Hoppe
criterion, Il

Examples: extensions
over P2 x Pl

The end

Fori:=0,...,L[:
The i degree of F and the " slope of F are

deg— F
dege F o= c1(Ty) - L' and pg(F) i= —o

rank F
l
so that deg; F = Zrlz:o degg: F and pup(F) = Zue—{(}").
i=0
The L—normalisation of F is
FL—norm := -7:(_]‘7.7-">

7 I+1 i | He(F) _

where kx € Z'"" has components £’z := .7 | Indeed:

1 — TaL(a)) < dege_{ FL—norm < 0.
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Gauge theory in higher
dimensions

Twisted connected sums o

The Hermitian Yang-Mils

problem

Construction of
asymptotically stable
bundles

A polycyclic Hoppe
theory

Polytwists
L-degree
Examples

L-normalisation

L-slope and
L-normalisation

Polycyclic Hoppe
criterion, |

Proof

Example

The restriction property E

Polycyclic Hoppe
criterion, Il

Examples: extensions
over P2 x Pl

The end

L-slope and L-normalisation

The L—slope of a sheaf is essentially bounded below by its
L —normalisation:

Lemma 1. Let E]Z‘ be the L—normalisation vector of F, and set
0r,(L) := deg; (L); then

,UL(F) > 51;(]2]:) — 5L(L) +tr

where t r := |V/LL(5E) — 5L(E) + 5L(L) — 1—‘ > 0.
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Polycyclic Hoppe criterion, |

Cauge treoryinfisher 2 Theorem 4 (Polycyclic Hoppe Criterion). Let £ — X be a holomorphic
s comeces e - VECtOT bundle of rank 7 > 2 over a polycyclic variety with Pic (X ) ~ Z
The Hermiian vangvis - @and polarisation L; define the constant t5 := trsg as by Lemma 1. If

problem

Construction of g HO (X’ (/\Sg)L—norm (ﬁ)) = () (*)

asymptotically stable
bundles

spobercicvope 2 for all p € ZMT such that

theory

Polytwists

5.(7) < 6p(L) —ts (i)

Examples

L-normalisation E then g IS stable.

L-slope and

L-normalisation :  Conversely, if £ is stable then
Polycyclic Hoppe :

criterion, |

HO(X,£(p)) = 0, ¥ such that 6,(7) < —pr(E).

The restriction property E

Polycyclic Hoppe
criterion, Il

Examples: extensions ¢
over P2 x P!
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Proof
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criterion, Il
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The end

Proof. Suppose F <— £ is a destabilising sheaf of rank s, such that
det F = Ox(a). The inclusion induces a map A*F — A®E and so

HY(X, (A°E)(=a)) #0,ie.,

HO(X( Sg)L norm( - ))750

if, for ' := ks — @, there could occur 87, () > 61, (L) — ts, then Lemma 1
would imply a contradiction:

or(a) deg F > sur(€) =
5L(E;)_'5L(L)_Ft

or(a)

using i, (€) < pp(F) = 9BE,
Converse: trivial. ]

L(Asg)

AVARRVS
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Example

Cauae hear i honer : Proposition 5 (Jardim-S.). Let& — P x P™ . n > m > 1 be a L-stable
. vector bundle obtained as the cohomology of a monad of the form

Twisted connected sums o

The Hermitian Yang-Mils

problem E a (87
. 0 — (_ 17 O) ® 5
Construction of °

asymptotically stable

bundles suchthatc < aand b+ c — 2a = 2. If D C X is a polycyclic divisor of

A polycyclic Hoppe

theory . positive polydegree, then &, is Op(1, 1)-stable.

Polytwists

Db

a(-1,1)% 5 (0,12 -0 @

L-degree

Examples : ¢, How about P? x P17

L-normalisation

L-slope and
L-normalisation

Polycyclic Hoppe
criterion, |

Proof
Example

The restriction property E

Polycyclic Hoppe
criterion, Il

Examples: extensions
over P2 x Pl
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The end

¢ What if the vanishing hypothesis is too strong
e.g.: monad cohomologies over P? x P12

A polycyclic variety X will be called a polycyclic family over a cyclic variety
Z if it admits a projective morphism X = Z s.t. 7*Pic (Z) — Pic(X) is
an injection.

So Pic(X) = (Yo, T1,..., ;) =~ 71 with Ty € |m*(Oz(1))].
Givenabundle Q — X, fixz € Zs.t. Y, := 7 1(2) has

Pic(Y,) = (T1,..., ).

0—> Q(—do) —Z»Q =

Qly, —=0

We will say that () has the restriction property at z if sections restrict
nontrivially to Y, i.e.,

O#UEHO(X,Q) = 0# p:(0) EHO(YZ7Q|Y,Z)' (3)
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The end

Definition 6. Let () — Y be a holomorphic bundle over a polycyclic
variety with Pic (Y) ~ Z!; then ¢ € Z! is a bounding vector for Q if, given
m e 7!,

m; < —v; forsomel1 <i<l = H(Y,Q(m)) =0.

Corollary 7. If, moreover, X is a polycyclic family over Z admitting a
point z € Z such that, foreach 1 < s < r — 1, the bundle A*G admits a
bounding vector v_g = v_g(z) and has the restriction property (3) at z, then
it suffices to check () for all psatisfying both (7) and:

pr<ki4vl, i=1,---,1 (i)

where ks := ks is the L—normalisation vector.
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The end

Given integers p > s and t > ¢ + 2, we obtain a bundle £ — P? x P!
as a non-trivial extension of the form:

A judicious choice of p, q, s, t guarantees that £ is asymptotically stable
[Jardim-Prata-S.], e.q.:

0——=O(-1,-1) E O(—-1,1) —=0

0 —=0(-1,0) £ O(~1,2) —=0

0—=0(-1,1) £ O(-1,3) —=0

... and many more!
NB.: Required a polycyclic stability theory.
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The end

dimensions

Gauge theory in higher  ; ¢,How about rigid asymptotically stable examples?

Twisted connected sums o

The Hermitian Yang-Mils

problem : ¢, Can we extend the theory to ‘asymptotically stable’ reflexive
Construction of E Sheaves'7

asymptotically stable . .

bundles

A polycyclic Hoppe
theory

Polytwists

L-degree
Thank you!

Examples

L-normalisation

L-slope and
L-normalisation

Polycyclic Hoppe H.N.S., Go—instantons over asymptotically cylindrical manifolds, to appear

criterion, | .
. iIn Geometry & Topology (2011).
Example :  H.N.S. & Thomas Walpuski, Go—instantons over twisted connected sums,

The restriction property E

to appear in Geometry & Topology (2013).

Polycyclic Hoppe
criterion, Il

cremples oensons © Marcos Jardim, Daniela Prata & H.N.S., Holomorphic bundles for higher

over P2 1 . . .
e :  dimensional gauge theory, submitted (2014).
The end E 38/ 38
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