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E-strings

E(xceptional)-string theory: 6d N = (1,0) SCFT living at the core of a small Eg
instanton of the Eg x Eg heterotic string [Witten, Ganor-Hanany,...].
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D.o.f.: tensionless strings with V' = (2,0) w.s. susy, coupled to self-dual B, ( C

v

tensor multiplet T) 4+ Eg current algebra.
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Lift to M-theory on R x S'/72:
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St/ Z,
'End of the world’ M9 planes support Eg gauge bundles.
E-string CFT lives on R® ¢ M9, .
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Overview

Lift to M-theory on R x S'/72:
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M2 branes ~ E-strings. String tension = t = vev of ¢ C T parametrizes
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Overview

Compactify the 6d theory on St — effective 5d Sp(1) ~ SU(2) gauge theory
with 8 fundamental hypermultiplets [Seiberg].

SO(16) flavor symmetry ~ Es at conformal fixed point.
States of E-strings wrapping S* ¢+ 5d electrically charged BPS states.

Next, put the 5d theory on a thermal circle, count the BPS states moving along
it. It turns out:

BPS _ \~© __nt7E
Zsy> =) o€ "2,

ZE = elliptic genus of n E-strings wrapping T2:

——H
Z, = Trr(-1)F QM Q " T«

K, = Cartan generators for spacetime twists + flavor symmetries.

-1 log Q. = complex structure of the T2 .

T= 2mi

(supersymmetry on left-moving sector — Z, is a holomorphic function of 7)

E-strings form bound states. Worldsheet theory for n > 1 is unknown. Only Z; is
known exactly.
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Overview

Aim of the talk: relate computation of E-string elliptic genus to that of other
theories that arise from M2 branes:

e 10d Eg x Eg heterotic (H) strings = M2 branes bounded by M9 planes.

o Self-dual strings of the 6d A; N' = (2,0) theory (M-strings) = M2 branes
bounded by M5 branes.

The plan:

@ Argue that these elliptic genera can be computed by combining appropriate
M5 or M9 domain wall factors.

@ Review known results for H, M and E strings.

@ Use domain wall picture to obtain an exact expression for elliptic genus of 2
E-strings.
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Overview

M2 worldvolume = T2 x R.

Let Vol(T2) — 0. This leads to QM along R. The Hamiltonian counts the
number of M2 branes.

Can think of M5, M9 as domain walls for M2 branes on T2 x R, since they fill
T2. For a collection of n M2's, M5 brane b.c. give QM states labeled by Young

diagrams v of size |v| = n [Gomis-Rodriguez-Gomez-Van Raamsdonk-Verlinde,
H.-C. Kim-S.Kim].

M5 branes give rise to operators:

M5 branes ~» DM|u) = Z Dxf’ V).
v
M9 planes give rise to boundary states:

M9 planes  ~~ |M9>:ZD£”9\V>+...

v

Little known about M9 b.c. (see [Berman-Perry-Sezgin-Thompson]).
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Overview

Elliptic genus of strings is mapped to expectation values in the QM. For M-strings
[1305.6322]:

Mb M5

(0| DMs e—’Ht s 0y

D e mzM = (0|DMe "t DM0|0) = ZM = > D) DMP

n |u‘=n
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Overview

E-string elliptic genus

M9 M5
EB
(M9) e Mt B 0
Z 7ntzE <M9| HtDM5|O> — ZE ~ Z DM9 LDM5
n lv|=n
Heterotic string elliptic genus
M9 M9
ES E8
(M9 et |M9)
ZefntzH <M9| Ht‘M9> — ZH ~ Z DM9 LDMQR
acH
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Heterotic strings

2 2 1 2
To1 X C3345 % S%6/Za X Cs590.10

| —]

~

X

0 X %

Twisted sectors localized at Xg = 0,m — Eg; X Eg r current algebra on heterotic
string worldsheet.

78910

A\ i\
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Heterotic strings

Supercharges:
e = ¢ (from M9 planes), %%¢ = ¢ (from M2 branes) = (8,0) w.s. SUSY.

Further broken by twisting as we go around cycles of T2:

2 2 2mie 2mie 2mie 2mie
(21,22,23,24) € C5 345 X C7 5910 — (721,67 20, €79 23,67 2)

(2,0) SUSY survives, provided €1 + €2 + €3 + €4 = 0.

Can also turn on twists (nig, ;, Mg, g) for the Eg X Eg symmetry. Thus

H o H( .,z —
Zn - Zn (mEg,L’ mEg,Ra €1, €2, €3, €4, T)'
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Heterotic strings

One heterotic string:

FH _ _@Eg(T; Mg, 1 )Og, (T; Mg, R) ' n*
1 7716 91(61)91(62)91(63)91(64)1’
16 bosons compsgtified on g xE 8 spacetrn:e bosons
where

4
Of,(7; Mg,) = Z exp(miTk - k + 2mimg, - k) = %ZH@;((T; mg, ),

Kere, k=1 £=1
=IIa- . a@ =nn 0= etera - atten),
k=1 k=1

Ox(1;2) = 01(T; 2+ 1/2), 603(1;2) =0:1(1;2+1/2+7/2), 0O4(7;2) = 6:1(7; 2+ 7/2).
(QT:eQﬂ-iT)
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Multiple heterotic strings

No bound states — n strings on C* & one string on Sym"(C*).
Leads to a very elegant, simple formula [Dijkgraaf-Moore-Verlinde-Verlinde]

oo oo
Z e "ZM = exp Z e Tz,
0

where
+b
Tof(Z,7) = n*7! < 7 27 > n-th Hecke transform).
( P e B |
ad>0

Simple physical interpretation: for example,

[y

ZEZn=5| (@@7? +Z'@742r)+2'(77/2)+2Z(Z1/2+7/2)

two single-wound strings one string, winding twice around A, B, or A+B cycles

No such simple expression is known for M- or E-strings, which form bound states.
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Heterotic strings Modular anomaly

Interlude: modular and Jacobi forms.

f(7) is a modular form of weight k if

f (”*") ~ (er + d)F(r) (j 3) € SL(2,72).

ct+d

Example: Eisenstein series of weight 2k,

1 1
Eo(7) = ——— = (k>1).
2k 2¢(2k) (m,n)gz;\(o,o) (m + nr)2k

E4(7), Es(7) generate the polynomial ring of modular forms. Note, E;(7) is not
modular because of an anomalous term:

ar + b _ 2 .
E; (CT n d) = (c7 + d) Ex(7) — mic(cT + d).

Quasi-modular forms = polynomials in Ex(7), E4(7), Ee(7).
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Heterotic strings Modular anomaly

Jacobi forms of one variable:

ar+ b z 2micms?
¢(m' ﬂ) (er+ d)fe = olniz)

(z = elliptic parameter, k = weight, m = index)

Power series expansion:

o(r;z) = ZXP(T) zP (xp(7) : quasimodular forms).
-0

Modular anomaly: (b 506.0(12) = — 322

Bernoulli numbers

Example: 01(7;2) = n(7)°zexp | = 3,51 (25(22’(7)! Exi(1) 2%

1
0g,01(7; 2) = —ﬂzzﬁl(r; z).
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Heterotic strings Modular anomaly

Generalization to many variables:
ar+ b z X 2mic 3 m;z? _’
—, _— = d cT+d ,
¢(c7+d cr—i—d) (er+d)fe 7 o(r; 2)
Modular anomaly:
1 1
S—) 7)) = —— .72
Qb(T; Z) E2¢)(T Z) 12 Z m;z;
For example : g, O, (7 fiig,) = — & 5_, (mE, )?Og, (7; mig,)-
Modular anomaly and Hecke transform:

1

maE Tn¢(TiZ) =n- 8E2¢( )

</>()
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Heterotic strings Modular anomaly

Modular anomaly equation for heterotic strings

Since
o+ O&(7: Mg, )0k (7 ik R) UM
! n*e 01(€1)01(e2)01(€3)01(ea)’
we get:
8 4
) 1
O, 2{' = —51 D ((mg, )+ (mg, )= > e | Zf,
=1 i=1
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Heterotic strings Modular anomaly

Modular anomaly equation for heterotic strings

Since
o+ O&(7: Mg, )0k (7 ik R) UM
! n*e O1(€1)01(€2)01(€3)01(ea)’
we get:
1 8 4
O, 2{' = —51 > ((mg,,)* + (mE, .)%) Zf?
=1 =1
A 4
06,2y = o ((mg, >+ (mi, ) =€ | 22
=1 i=1
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M-strings
2 2 2
To1 xC5345 xRexC7g419
—_—

M5
M5 M5
6d N = (2,0) A; theory on R®

| reduce on St

- 5d N = 2*U(2) theory on R®

| compactify on S*
T' 5d N = 2*U(2) theory on (C? x S, .,
6

Twists: (z1, 22, 23,24) € (C§73,4,5 X C%a,g,lo — (€21 zy, @22 7y @2TiCs 73 @2TiCa 7)),

Coulomb branch parameter;

a:
m=(e3 —€4)/2: adj hypermultiplet mass;
Eym = - : gauge coupling.
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Usual instanton expansion a la Nekrasov gives:
ZBPS(gYM7 €1,€2, M, 3 = Z ei4ﬂn/g€M Zn ;nst(a, €1, €2, m)
n=0
In [1305.6322, 1310.1185] we obtained a very different expansion:

Zlec(!2),BPS(gYMa617527 m,a) = (236(11),3135(7" €1, e2,m))* - Z e "?Z) (1, e1,62,m) !
n=0

from dof of individual M5 branes
M2 branes stretching between M5s
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Several dual descriptions for the 2d A/ = (2,0) worldsheet theory of n M-strings:

@ SUSY sigma model on Hilb,(C?) (with right-moving fermions coupling to
E @& E* instead of tangent bundle (E = tautological bundle) ) [1305.6322];

@ 2d U(N) SYM description [1310.1185];

@ Reduction of ABJM [Hosomichi, Lee];

@ Topological string description — QM description in terms of M5 domain wall
operators [1305.6322]:

M5 brane domain walls

Open topological string amplitudes =

J glue
Closed topological string amplitude = M-string elliptic genus

J} compute exp. value

closed __ —|v|t »open open  __ —|v|t M5 A M5 __ M5 —Ht AMS
Zt°p - Z € Ztop, U)uztop, v) = Z € Dy, Doy = <0|D e D |0>
v v
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Domain wall formula for n M-string elliptic genus:
M
Zy(m, e, e2,7) =32, 2, Dy*D

where DM5(0) = 3, DM5|v) are the M5 domain wall factors:

M5 _ Or(mi—m+e(vi —j+1/2) — eo( =i +1/2))n(7) "
Dy, = H - (ma(vi—j) —e(vf —i+1))é(ralvi—j+1) —e(vf —i)’

M5 O1(m;—m—e(vi —j+1/2) + e2(—i +1/2))n(r) !
Do’ = H Jsr(ma(vi—j) — ey —i+ 1) (ria(i—j+1) —e(yf — i)’

(ij)ev

where  gi(ri2) = [[A— @), & (riz) =[] - Qe ™).

k>1 k>1

ZM should be SL(2, Z)-invariant, but Dy”>, D)5 are not good modular objects!
However their comblnatlon is, since

01(7; 2) = (7)1 (75 2)§ (7 2).
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From the expression for Z we can easily obtain the following modular anomaly
equation for M-strings:

ozM 1
aE’; S (6162n2 + n(m? — (€+/2)2)) zy

where €1 = €1 + €.
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E-strings: known facts

E-strings: known facts

Twists: (21,22, 23,24) € C3 345 X CT g4 19 — (27021, €72y, €23 23, >4 7).

Worldsheet theory of n E-strings has (2,0) SUSY, couples to level n Eg current
algebra [Minahan-Nemeschansky-Vafa-Warner].

Elliptic genus depends on (T, €1, €2, g, ), not on (€3 — €4)/2 — R-symmetry of
(1,0) SCFT is too small to accommodate for it. Also, fermions that would have
coupled to it are replaced by internal bosons compactified on Ig,.

SIA G- 7

7]8 ' 91(61)91(62) ’

8 bosons on rEs lattice 4 spacetime bosons

One E-string elliptic genus: ZF = —
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E-strings: known facts

E-strings form bound states — not known a priori how to compute ZF from ZE.

Partial results from duality with topological strings [Klemm-Mayr-Vafa,
Minahan-Nemeschansky-Vafa-Warner, Hosono-Saito-Takahashi, Mohri, Eguchi-Sakai,
Igbal, Sakai, Huang-Klemm-Poretschkin,. . .]:

N = (1,0) theory on R®

1
5d theory on (R* x S1),, ,

4 [Morrison-Vafa]
Refined topological strings on X = O(—K) — K3
(anti-canonical bundle over the‘half-K3' surface K3 = dPy).

Guglielmo Lockhart (Harvard University) E-string elliptic genus from domain walls Riemann Center, Hannover, 8/14/2014 24 / 36



E-strings: known facts

o0
. _ —75d __ —nt 7E =
Ztop(X,61,€2)=ZBPs—§ e "Z; (€1, €2, Mg, 1, T)
n=0

(t,7, Mg, 1) = Kahler parameters of X

Can write Z;,, = exp (Enzo,gzo,ezo e "(—e162)8 L €2 F g (T, rﬁES’L)) and
compute F;, ., for any given n, as perturbative expansion up to some power of g
and ¢ [Huang-Klemm-Poretschkin].
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E-strings: known facts

Fh,g,e can be written in terms of modular invariant combinations of Eg characters

BS
A, A, A, A, A, B, B, B,

Ai(rig, 1, 7) = Og,(mg,,1,7) (level 1 character of affine Es);

n3

m4+1

B, = more complicated functions...

An(mig, 1, 7) = T.(A1) (Hecke transform of A;);

Note also that A, (B,) have modular weight 4 (6), and

05, An = LA, 05 By = B,
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E-strings: known facts

For example, for 1 E-string:
A
F100 = 7112: F110=—5, "1

For 2 E-strings:

4B A} +3EAy +5E,B,

F2,0,0 9612

. 4E22A% +4A%E4 +3A2E42 +5E,E4B> +3A2ExEs + 5B>Eg
]:2,1,0 - = 11527724

_ 10ATE5 + 6ATEs + 9A B2 Es + 3A2E] + 158, Ex 4 + 5B, Ee
Fa01 = 115272

(Ez, Ea, Es = Eisenstein series)
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E-strings: known facts

E-string modular anomaly (with g, ; = 0) [Hosono-Saito-Takahashi,
Huang-Klemm-Poretschkin]:

1 n-1 g ¢
O Fngt = 24 Z Z v(n = v)FyyaFn-vg—y-x
v=1~=0 =0
n(n+1)
+ 2% ]:n,g— -Fn,g,e—l

For the n E-string

1
3Ezzf:*ﬂ erie2(n®+n)—ein+n ZmQE&,. . 7E.

Guglielmo Lockhart (Harvard University) E-string elliptic genus from domain walls Riemann Center, Hannover, 8/14/2014

elliptic genus (with rig, ;1 dependence restored):

8

n
i=1

28 / 36



M9 domain walls

Claim: E-strings and heterotic strings can also be written in terms of domain walls:

ZE Z DM9 LDUQ) , Z:I ~ Z D(l)\é/lQ,LD(Q/IQ,R

n

Recall:
_ H 01(T —m—e(vi—j+1/2) +ex(—i+1/2))n(r)?
(ev Er(ria(vi —J) —e(vf —i+1)é(ra(vi—j+1) —e(vf —i)
_ FR(m,e1,e0,7) « ‘fermionic pieces’
BR(e1, €2, T) + ‘bosonic pieces’

M5 0r(1; —m+e(vi —j +1/2) — ea(=i +1/2))n(7) !
o= W et -abf i+ e mat i+ - abf -9

(ij)ev
_ Fi(m,e,e,7) « ‘fermionic pieces’
BE(e1,€2,7) < ‘bosonic pieces’

Guglielmo Lockhart (Harvard University) E-string elliptic genus from domain walls Riemann Center, Hannover, 8/14/2014 29 /36



M9 domain walls

E-string elliptic genus is modular, m-independent — make the Ansatz

1 1
DML DM9R .
v FR(m, e, e,7)B(er,e2,7)" 7 FL(m, €1, e, 7)BR(e1,€2,7)

Including Eg contribution, we guess:

pMo.L N, (Mg, 1, €1,€2,T) ’
v nsan(mv€1a6277—)85(6176277—)/

pMO.R N, (Mg R, €1, €2,T) '
i 8" FR(m, e, €2, 7)BL(e1, €2, 7)

Elliptic genus has modular weight 0 — N, (rig,, €1, €2, 7) has weight 4n.
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E-string modular anomaly

Assume ZM ~ 5" DM5. DM® and Z! ~ 5" DM® . DM and modular anomaly
equation holds term by term. Set mig, g = Mg, 1, and note that

DM5'DM5 FL FR

M-string : BT BR’
. N(rig, 1 )?
) M9 . M9 ,
H-string : pVo . pMo (FL : FR)(BBL . BR)’
N(F7
E-string : DMo . pM5 % = \/(DMS - DM5) . (DM9 . pM9)|

Leads to prediction:
. 1 . .
E-string mod. anomaly = 5 (M-string mod. anomaly) + (H-string mod-anomaly)|.

Checked easily, by explicit computation!
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One string elliptic genus

One string elliptic genus

This is simple: recall that

ZE _ _Al(’ﬁEs,LvT) 7]2
v n® 6’1(61)91(62)
m— (e + 62)/2)

@i ()

moL [ Al mE8 1
% a ( )91— —e:/2) &ilea)é(—e)

N (A1 mES > 1
N 61(e3) §+ (€1)é-(— 52).

o = (M) st cwe

_ M9, L M5
= D57 Dgyg

Since DY; = bu(=
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One string elliptic genus

One string elliptic genus

This is simple: recall that
A1 (Mg, 1, T) Us M9,L M
Zf =— - = D5 DY,
1 778 91(61)91(62) O 0o
. 91(—m — (61 + 62)/2)’)7_1
Since DM? = , we get
0 §-(€1)é4(—e€2)

moL [ Aulmig,L) n ' 1
% B ( n® )91(—m—€+/2) Er(e1)é—(—e2)

- (AI(I:SES,L)> 91(7]63) . §+(61)€1—(*62)'
pMOR (Al(’ﬁsEs,R)> N 1

n 01(ca) € (e1)é4(—€2)
Check:
DE/\]49,LDM9,R _ <A1('ﬁEs,L) x Al(’ﬁEs,R)) it _ phet)
= 7}16 91(61)91(62)91(63)91(64) L
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Two string elliptic genus

Two string elliptic genus

7 Mo,L Mo, L
ZF = Dy DIy + DY DA
Need to determine Eg factors M, NH (of modular weight 8).
@ Modular anomaly equation — N = N(rig, 1, €1,7).
o (€1 <> €2) symmetry — NE = N(rig, 1, €2, T).
° Eg level = 2
So we make the Ansatz:
N(ig, 1, €,7) = A1(rig, 1) fo(T; €) + Ba(rig, 1) fa(T; €) + As(rig, 1) fa(T; €)
(fo, f2, fa = holomorphic Jacobi forms of weight 0, 2, 4).

Functions fy 2 4 are uniquely fixed by comparing with 7 , ; for low values of g, £.
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Two string elliptic genus

We find:
1

N(riigy,1,€,7) = 576 4A(¢o.1(€)’ — Eadp—2.1(€)?)

+3A2(Eip-21(e)” — Esp—2.1(€)¢0,1(€)) + 5B2(Eop—2,1(€)” — E4¢>72,1(6)¢0,1(6))}7

where
B _91(6;7)2 e ) = O2(6;7)  O3(e;7)>  Oa(e;7)?
boanen) = =BT maten) =4 0T BT T

Putting everything together, we get the formula:

N(’ﬁEs,belvT)/nlﬁ N(’ﬁEsA,Ue%T)/an

ZE—str -
2 01(€1)01(e2)01(e1 — €2)01(2e1)n=*  01(e1)01(€2)01(e2 — €1)01(2e2)n™*

in perfect agreement with [Huang-Klemm-Poretschkin]! Note: Zf # T,ZE, as

expected.

Guglielmo Lockhart (Harvard University) E-string elliptic genus from domain walls Riemann Center, Hannover, 8/14/2014 34 /36



How about 2 heterotic strings?

? - - > -
241 2 D2 e, ) DL, ) DY i, ) D )

_ N(’ﬁEg,LaEI,T)N('ﬁEg,RaehT)
T](T)2491(61)91(62)91(63)91(64)91(261)91(61 — 62)91(61 — 63)01(61 — 64)

+ (61 <~ 62)

This doesn’t work (not even invariant under permutations of (1, €2, €3, €4))!
However, the following works:

B N(ig,,1, €1, T)N(mMigy R, €1,T)
7}(7‘)2491(61)91(62)61(63)91(64)91(261)91(61 — 62)01(61 — 63)91(61 — 64)

+(e1 4 €2) + (61 < €3) + (€1 ¢ €4)

L T1,zH

Very nontriviall Checked up to high powers of e2™™ with arbitrary Eg x Eg twists.
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Summary

Can define (and compute, at least up to 2 strings) a QM state |M9) for M2
branes ending on an M9.

This leads to the correct E-string modular anomaly, given M, H modular
anomaly.
o ZI' and ZE are easily expressed in terms of M9 domain walls.

@ M9 domain walls lead to an exact formula for ZE + a new formula for ZJet,

Some open questions:

@ Need a better understanding of M9 boundary conditions. Would be
interesting to study E-strings from ABJM theory along lines of
[Hosomichi,Lee].

o Can one compute D>, D//° directly from ABJM theory reduced on a T%?

@ Open topological string computation of [M9)? There are some hints this may
be the case (integral expansion...)
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Ring of Jacobi forms

N(rig, 1, €,7) = A, 1)*fo(7: €) + Ba(riiey 1) fo(Ti €) + Ax(riig, 1) (7 €).

The polynomial ring of weak holomorphic Jacobi forms with modular parameter T and
elliptic parameter € of index k and even weight w is generated by the four modular forms
E4(7), Es(T), ¢o,1(T; 2), and ¢—2,1(7; ), where

L, 7701(7-;2)2 an ) — 92(7;2)2 03(7’;2)2 94(7;2)2
¢-2a(mi2) = =50y ¢ R =4 G008 F (o) T au(ri0p

are Jacobi forms of index 1, respectively of weight —2 and 0.

Thus modularity implies that fi, 2, 3 can be written as follows:

fE)(E) = Co,l¢0,1(€)2 + Co,2E4¢72,1(6)2; (]_)
f(€) = c21Eado1(€)d_2.1(€) + c22Esd_21(€)%; (2)
fa(e) = ca1Eapo,1(€)* + caEopo1(€)p—2.1(€) + casEs (T)p-2,1(€)’. (3)

Coefficients can be fixed by comparing ZE with F» + %]-'12 (computed from topological
strings).
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Three strings

Requires more work, but we can make a simple check: to order Q°,

01(z,7) ~ (1 — ™), and we take M ~ NEF ~ /\E ~140(Q-).

From orbifold formula (taking gx = €2™),
1 1 1 1
Z\(@=—- +3 4o ]
6 |[1,1-q)? TI.(-a)d-q) II,(1-q)
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Three strings

Requires more work, but we can make a simple check: to order Q°,
Ou(z7) ~ (1= €77%), and we take N ~ Ny~ g~ 14 0(@,).

From orbifold formula (taking gy = ™),

1 1 1 L
Z0- _Lhdkwo 3H@u—%m—ﬁf”ntm—ﬁj

From domain wall formula we guess:

- q? rmutation
hﬂbﬂ W) = @) - ) (Tl — (@ —a) T P t“°ﬂ

i

- { (ITei(1 = a0) 1 = )1 — @) (a1 — @3)(q2 — 62) ([Th_s(an — qx) (a2 — ax))

+(5 permutations)}

The two expressions agree!
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