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Introduction

It is not fully understood what 2D field theory describes
the collective dynamics of self-dual strings

(fundomental DOF on M5-brane worldvolume )

When Mb-branes are separated, they are described

as M2-branes suspended between M5-branes ,

N M2

“M-strings”

M5 My



M- St¥ingS [Haghighat-Igbal-Kozcaz- Lockhart-Vafal

® T-partition function of multi- M-strings proposed.

.- extracted from multiple M5 amplitudes
([gfined topological vertex.)

® 2D worldsheet theory proposed

- based on D-brane construction in several
dual frameworks

Our goal : Re-derive these from ABTM .



Our ABTM analysis was able to reproduce

the known results on M-strings (elliptic genus, )

only partially



Setup

H=10
0 1L 2|3 4 &5 ¢ 7 % 9 K
M2-brape |— — —
Mb-brane | — — _ — - =
\/‘—V"_\—/
CYz
Lsimplest) [general )
N2 MZ [ N3 M2
N M2 N, M2
M5 M5 M5 M5 MG M5



SUSY
M2-branes : I'°'2Q =@

M5-branes: TOB3%¢Q =@
Zi-orbifold 1 exp T (T**+T%+T"8+T")Q =Q

Unbroken SUSY
eigenspinor of (T, T'2 T, iT* IT7, iT")

(+++—+-)  (—++++)
(+++—_+) (——++--) projected out
(++—++-) (————++) by 2k (k>3)
(HH—t+—4)  (————- )

2D N=(4,2) SUSY



R-symmetry

M2- brane

3 4 5 ¢ 7 9 9 K

Mb-brane

SO(8) —> SO 3456 % SO0(H)gze4

= SU(2), x SU(2)3 x SUID); x SU(2)4

2D N=(4,4)SUSY: (2,1.2,1), & (1,2,1,2)-




R-symmetry

0 1 2|3 4 v ¢ 7 % 9 K
M2-brane | — — —| -

Mb-brane |— — . |— — — — .

SO(8) —> SO(M) 3455 * SO(4)ggey
= SU(2), x SU(2)2 x SUID); x SU(2)4

2D N=(4,4)SUSY: (2,1.2,1), & (1,2,1,2)-

[with Zk orbifolding ]
SU(H) ~» SU[) x SU(2), x U(1)
or SO(6) - SO x SO(2)

2D N=(4,2) SUSY: (2.2;0)+® (0,0;t1)_



u N M2
Zg orbifold singularity

M5 M5

R-symmetry becomes even smaller i+ U>o0,



ABIM mode|

 UIN)k x UIN)_¢ CS theory
with bi-fund scalars Za, spinors &% (a=1,2,3,4)

L = kLes[AY ~k-Ls[AD
+Ty [~DmE*D"2a + i Ta¥"Pn " |
+O(2F) + 0(2Y

o N=6SUSY: Eab: (Eab) =Le%E.4



Bo undai’y Cond (t10N [ Berman-Perry- Sezgin-Thompson 3

(B.C. on scalars]

01 23 4 5 ¢ 97 % 9 K
Mz-brane___|.......

Mb-brane | — — . | — — — — . . . .
R A
Z1(1=1,2) Za (A=3.4)
“thm’/ DiViChlet

[B.C. on supercurrent Jop ]
JIZA-I- = j::;.r- = j:a- =0

= Qra+, Q;;_, QAg- @re preserved.



Boundary condition

« Spinors: I-9Jr =0
o Scalars : [ Divichlet b.c.]
Zp = const,
[ Nabhm b.c.]

DyZ: =23 (2:272; - 2;2721) (¥=%2)

Z 2 2 =252 Z, , ZaZP2;= 21752,



Boundary condition

s Spinors:
o Scalars : Zp = const.
[example]
ug,' 1Nmul
Za= u: 1 NaxN2
Nx Ny
Z1= Nax Ny

I _ JA =
r=%2=0

Dgzl =z—: (ZIZIZJ - ZJ ZJZ.'L)

ZAilia =ZB 2IZA s ZA?BZI =21232A

w
Ua

|

(Dirichlet)

M5

(Nahm)

Ny M2sg

M5

N2 M2g

ue/

|

Zic Singularity



Boundary condition on gauge fields

[Dirichlet b.c. on Za ]
Duza=0 (m=0,1)
= 0=[Du.Dv1Zr = —i(Fu Za-ZaFpw )

.~ Ap and Au are unitary equivalent.

[example]

[+ Za=Uy-Dyun, then Au=Au (or Up=0)



Nahm boundary condition (or Nahm pole )

:-- singular behavior of Nahm configurations

at the boundary.

%X”’ €ijkX3Xk =0 X ~ -— (T:: SU(2) generator )

D2 D4 Syst’em. D4 -brane

D2-branes

Let's revisit its M-theory uplift.



Nahm configurations in ABJM

'/o BPS contigurations
(preserving 2D N=(4,2) SUSY ) Satisfy

Dy21=3 (2:272;-252721)
Dy ZA=2—: (ZAZ%Zp - 2a2%Z, )
Z212°2;=272%21 , 2127 Za= 2427 21

ZA 2’23 = ZBZIZA , ZAis ZI = 21_3-9 ZA



Dgilz%‘-(zxi"z;-z;-zrzl) @

D'j ZA=2—: ( ZA-iBZB - ZgiBZA )

212°2;=372%21 , 2127 Za= 2a 27 21

ZaZ 25=2s272s , ZaZBZ1=213°2Z, }

if Zz+0 and Za#0, they are all diagonal,
= ‘
so Y-independent.

(@ shows Nahm pole behavior only when Z,=0,

M5-branes are ' D4 -like” only when Uy=0.

They are NSE-like when Ua#0.



M5-branes in ABJTM (Summary)

CUMN)XUIN) = UN) A= An

*Dirichlet be. 2, =u, (A=3,4)

e Nahm b.c. DyZr = 3 (222727 - 2;2721) (1.7=1,2)

Nahm pole behavior only when Uq=0.

U0

Zi Singularity (



2D theory on "ABJM slab”

Let us work out the 2D N'=(4,2) theory

L —f by dimensional reduction,
(Small)

L
La = Jody . L pggm (Y-dependence dropped )

+ o[.boundawy y=L — -Lboundavg

5:0 °



Dimensional Reduction of L agym

L neym (Y-dependence dropped )
= ikﬁTk [A'j’Fol - ’Kg‘l—:-on]
"'Tr [ - D,}%A‘ D,,..ZA - Dg 2“- Dg ZA

—DuE D2y ~DyZ=DyZ1 + O(2%) + (fermi) |

Recall Fu=Fu, Zr=us and dencte Ay-Ay=o,

% (=) = (Nahm ea.)z if combined with e[_boundawg



Dimensional Reduction of L agym

LAB]’M (':l-clependence Jropped) + .L bdry

i

EkiT" [A'j'Fol = Ky‘fol ]

+T. [ - D ZAD,Za — Dy ZA-DyZa
~DuE a2 - DyFEDET ¥ O(24) + (fermi) ]

(Nahm b.c.)

k - 52 2_p FIpm
Tr [ 3 0-For -0 [ U, Dpz DRZy + J
2D Yong- Mills




2D theory on ABJM slab

For non-zero Ua one finds

Law = L'Tr[l—';ofl:,,. - o”'.l‘uAlz— D.,.EID”ZI 4 -

16 T u*

2D N=(4.4) SYM with 9*= <5—

(D2 —NSK theory)

[Note] O=Ay-Ay is periodic .

W= T [Pecpf dshs - Pexpif oAy |

= Ty expilo  is gauge-invariant,



2D theory on ABJM slab
For Ua=0, the Lagrangian simplities

L = LT[ L0 Fo - DuE*DPZ,

+i T YPDLE +1 %ﬁ*ﬁ.:}“ ]

(anti-chiral) (chiral)

e has N=(4.4) SUSY and SU(2)* R-symmetry

* No scalar potentiall

Can’t reproduce the moduli space Sy?nu (C*/2k)



A natural question :

How can the scalar 6 be periodic in

Lap= LT [zlno-. Foi + c*u* + (matter)] ?

The Lst order” YM Lagrangian with periodic O

was proposed before by [Aganagic - Ooguri- Saulina- Vafal,

.- “9-deformed”? 2D YM



Q-deformed 2DYM

[AOSV] studied topologial string on a CY :
Li®Ly —)2;,. (degLu,dequ)z(le-l'Z-P,P)
® Lagrangian for N D4-branes wrapping Lo - L,

Sw = 3, SL;-)E;‘T'[FAF]

=k Ju, , Les1AD (k~95")

Mhnp = S-bundle over I, of degree Pp.



Q-deformed 2DYM

A naive dim. reduction of iju Lcs (A] along s'
P

= (1st ovder) 2D YM with o periodic scalav &

2 .
ay‘d 9 = Lk .
M \M.WE» Imaginary & guwmﬁzed .

However, CS theory is topological so does not

dimensionally reduce,

Observables get 9-deformed due to KK-modes.




Example : partition function

2DYM on 2y, : -
MR 2 const B dN " exp[-297Can]
Azreps
€20 of-P
3D CS on Mup:

X = const- 2. dg()\\z.lhexp [-ikpCa(N) ]

A:veps

20 “’P q

Q"/z -9 %2 N
(Mg=q —aVa ., Q=ep(eni/k), K=k+N




Back v the ABTM slab,

® U(N)x U(N) theory on interval = UM) on §'
e the gauge coupling arises from VEV of matter scalars
=> needs to explain the periodicity of O

differently from [AOSV],



Periodicity of & in ABTM slab

..- associated to large gauge transformations

[example : UOXVM)] o/ amn , 2nihY
P | C'=0+T~, Za=Zuexp(* )

incompatible with dim. reduction Za=1U,

Restoring all the KK modes one finds,

jd'j DyZDyZa = Lu*c* + (modes)

p— 4‘“" - 2 GL -«
=T Sin == + (complete square in modes)



Comment.

e periodicily T ~0C+ "T" becomes unimpertant

in the naive limit L—0,

|t will remain important in the limit

242
L—o. wa—o st. 9= L5 fived.



ABTM slab : Summary

e Dimensional reduction of ABJM with M5-like

boundary conditijen

UpaF0 = N=(4,4) SYM with SU(?.)SR , in 1st order form

periodicity of ©

Up=0 —> topological SYM", N=(4.4)SUSY & Su)t



2D theory on self-dual strings : Another construction
[ Haghighat-Igbal - Kozcaz - Lockhart -Vafa]

% Hereafter k=:1

0 1L 23 4 &5 ¢ 7 % 9 K
M2-brape |— — —| - .

Mb-brane | — — . | — — — —

Replace R*(7894) with Taub-NUT and reduce along S'

0 1 2 3 4 % 6 7 8 9
‘é,s DZ"bl"ﬂne - - _I
NS5-brane |— — @ — — — —
Db-brane — — — — — — —

“IA-brane model”



IIA- brane model
-+ 2D N=(0,4) SUSY theory

e D2-Dé composite without NSb gives
2D N=(4.4) UWN) theory with ladj@1fund. hypers

Scalars Spinors vectors
vector Y AA ATA 2B Ap
adj. hyper | R LU S
fund. hyper 91 pA , YA

indices I.1, A A arefor SU(),x SU(2), x SU@; x SUW)y

® NS5 freezes some of the fields breaks SUSY 4o N=(0,4).



IIA- brane model
- 2D N=(0.%) SUSY theory

e D2-Dé composite without NSb gives
2D N=(4.4) UWN) theory with ladj@1fund. hypers

Scalars Spinors vectors
vector o= UM e AZA Ap
adj. hyper | B T e
fund. hyper q1! A YA

indices I.1, A A arefor SU(),x SU(2), x SU@; x SUW)y

® NS5 freezes some of the fields_ breaks SUSY to N=(o4),



Brane configuration

D6

D2

NS5

NSS

uAR

e URA_ o

-+ N=(0,4) SUSY & SV(z)"'symmetky

* UAA 1

g[}(z)3 symmetry

-+ fund. matter becomes massive

-~ enhanced N=(4.4) SUSY at UW—00



2 theories for self-dual strings (summary)

ABJTM slab IA brane model
[u=o01 [u=o0]
topological YM + matter UVNY YM

L= Tv[sFor + (matter) ]
(4-.4) SUSY; su(a)*

with adj+fund. matter
(0,4) SUSY. SU@)*

(n=o0]
(4,4)SYM ; SU?

[u#03
fund. matters get massive

(0.4) SUSY : SU(2)®

- oapproaches (4.4)SYM
in the limit W00



Comparing the two descriptions

N M2
We studied the elliptic g9enus with
most genera| twist preserving (0.2) SUSY,
my My
(k=1)

® U=0, suia* symmetry

~-twist by (€1-€a) J-gu) + (Ez+Ez)J.3m+ Zm- J-3m + (€1+€2) J.atq')

® U$0, SU(2)® symmetry

- needs 2m= (&) (€, €,)



Elliptic genus

-+ N'2(0,2) SUSY partition function on T2.

[Gadde-Gukov]
ula
Genera| formul [Benini- Eager - Hori - Tachikowa )

» saddle points are labeled by flat gauge fields

(r complex parameters for rank- |~ gauge growp)

* Jeffrey- Kirwan residue integral



Elliptic genus for JA brane model

[ fields & guantum numbers ]

Scalars Spinors vectors
vector o= YA e )\l Ap
adj. hyper Zu A e
fund. hyper qt YA YA

A quick way to evaluate it is to localize
in Higgs branch

97-33 +(2,2)+[F 21+ -1y =0
M= U(N)

a7 +[2.231=0
(ADHM for U(1) N-instantons )



= N w $ U7

T? partition function of a SUSY sigma model on M

with (SUSY) = (a symmetry acting on M

- whose fixed points are labeled by

Young diograms with N boxes )

_ YT 9, (m+ (i-Der3-r€2 ) G, ( m-ti-be-i-De, )
Y ¢ peY B (a-Tpes i-i-nea ) 8 ((K-i-e, +li-aes )

(agrees with topological vertex computation )



0, (m+ i-Der(3-r1€2 ) O, ( m-ti-be-i-De, )

ZN=21-I.

Y ¢ peY B (a-Tpes i-i-nea ) 8 ((K-i-e +li-xes )

Remarks
When €,+€,=%2m, Zu all vanish because they all contain

Bi(medCet€a)) Bi(m-L(EtE))

Zl =
0.(e\) 0. (€2)

This is when one can turnon W (mass for fund. matters) .

For u—w one has UIN) N=(4,4) SYM_ of which
the U() part has vanishing elliptic genus,

=+(€61+€
= Zu/Z mezlene) Elliptic genus of (4.4) SUIN) SYM



Elliptic genus for ABJM slab

The theory for U=0
L = LT[ £ Fo - DZ*D*2,;

+L§IAY"DM'I’ in t '3 al Lo D 1-1A]

For theories of topological YM-type,
JK-residue formula does not opply. We have instead

0, ( Wi -Wj +m+i- (€1t+€2) ) 0, ( Wi -W; +m-i~ (e,-.-e,_))

Im'[ 2,1' 9'( Wi-W;5+ €, ) o, ( Wi-w;+ €2 )



9. ( Wi -W; +m+i— (e1t€2) ) e' ( Wi ~Wj +m-i— (5,1-5,_))

z,~ 1 dudss

i=t ImT 1,3 9'( Wi-W5+ €, ) 0. ( Wi-W;+ €2 )

H

Remarks :
e this Zy contains (Z.)N, so vanishes faster than
Zu of IA brane model in the limit M— x3(6i+€2),
* when m = x5 (6,+€2),
one can turn on U to move to N=(4,4) SYM,
but there Zn=2Z:- Zsvw stm.

Turning on U is not a smooth deformation

as far as the behavior of Z12 js concerned.



Conclusion
We proposed a description of self-dual strings
using ABTM.
Compared the elliptic genus with the known resuts
— disagreement for U=0
x k¥
.- Need more careful & systematic study of ABJM

boundary condition* boundary DOF?

shouldn't we have translation symmetry for k=17

ABJM-Nahm configurations? moduli space ¢



