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Motivation



Cone constructions

‚ Link geometries in different dimensions

‚ Tool for constructing manifolds which rich structures [Bär 93; . . . ]

Ñ Valuable in explicit model building

Instantons

‚ Have proven essential in the study of 4-manifolds [Donaldson 89],

not exhaustively studied in higher dimensions

‚ Explicit solutions important for model building in physics

[Harland, Nölle 11; Gemmer, Lechtenfeld 13; . . . ]



Geometrical detour – G-structures



Geometrical detour – G-structures

Reductions of principal bundles to subbundles

correspond to certain

nowhere-vanishing sections of their associated vector bundles

Ex.: Riemannian metric reduces F pTMq to SOpM, gq

G-structures

A G-structure on M is a reduction of the frame bundle

F pTMq to a principal subbundle Q Ă F pTMq with struc-

ture group G Ă GLpD,Rq.
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Geometrical detour – instanton conditions



Instanton conditions

Consider a G-structure Q Ă SOpM, gq on pM, gq

‚ AdpSOpM, gqq » Λ2T ˚M

‚ Restrict this isomorphism:

AdpQq Ñ Λ2T ˚M defines subbundle W pQq Ă Λ2T ˚M

Ñ “Forms with components from g”

Instanton

An instanton on pM, gq w.r.t. Q is a connection on some

gauge bundle B over M whose field strength satisfies

FA P Γ
`

W pQq bAdpBq
˘

Ă Ω2
`

M,AdpBq
˘
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Instanton conditions – implementations

Implementations of instanton conditions

‚ Annihilate spinor defining the G-structure

γpFAqpεq “ 0

Ñ heterotic strings

‚ Eigenspace of automorphisms of Λ2T ˚M

˚pQ^ FAq “ ´FA, where Q P Ωd´4pMq

Ñ independent of previous bundle constructions

Ñ SUp3q in d “ 6: W pQq Ø ˚pω ^ FAq “ ´FA



Instanton constructions – the idea



Preparing the stage

Consider manifold Md with an H-structure

‚ Induces pushforward H-structure Q on Md ˆ I

‚ Apply transformations to Q to obtain new H-structure Q1

ñ In certain cases there exist extensions Q1 Ă P,

where P is an G-structure on Md ˆ I with H Ă G
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The ansatz

We consider Q1Ă P with g “ h‘m and m » TxM
d

Extend an h-valued instanton [Ivanova, Popov 12]: A “ Γ`Xµ̂ b β
µ̂

Ñ X Ad-equivariant 1-form, β coframes on Mdˆ I, µ̂ “ pµ, d` 1q

Field strength: T “ torsion of Γ

F “ RΓ ` dXµ̂ ^ β
µ̂ `

1

2

´

rXµ̂, Xν̂s ` T
σ̂
µ̂ν̂ Xσ̂

¯

βµ̂ ^ βν̂

`Γi
´

rIi, Xµ̂s ´ f
ν̂

iµ̂ Xν̂

¯

^ βµ̂

X has frame-independent coefficients w.r.t. Q1,

ô rIi, Xµ̂s “ ρ˚pIiq
ν̂
µ̂Xν̂ “ f ν̂

iµ̂ Xν̂ , g
loomoon

IA

“ h
loomoon

Ii

‘ m
loomoon

Iµ
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The ansatz

With Xd`1 “ 0, Xµ “ Xµprq and 9Xµ “
d
dr Xµ:

F “ RΓ`

´

9Xµ`T
δ
d`1µ Xδ

¯

βd`1µ`
1

2

`

rXµ, Xνs ` T
σ
µν Xσ

˘

βµν

Adding a zero such that the second term becomes instanton

F “ RΓ ´

´

9Xµ ` T
δ
d`1µ Xδ

¯

b

´

βµd`1 ´
1

2
Nµ

νκ β
νκ
¯

`
1

2

´

Tµνκ Xµ `
“

Xν , Xκ

‰

´Nµ
νκ

`

9Xµ ` T
δ
d`1µ Xδ

˘

¯

b βνκ
loooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooon

Require this to be an instanton
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The ansatz

Matrix equations

Frame independence

rIi, Xµs “ f ν
iµ Xν

Reduced instanton equations

rXµ, Xνs “ ´T
σ
µν Xσ `N

σ
µν

`

9Xσ ` T
κ
d`1σ Xκ

˘

`Nµν

N “
1

2
prh

´

“

Xµ, Xν

‰

¯

b βµ ^ βν

must be an instanton as well



Kähler-torsion sine-cones



Sasaki-Einstein manifolds

Sasaki-Einstein manifolds

‚ d “ 2n` 1, Structure group SUpnq Ă SOp2n` 1q

‚ Geometric data

η “ ´ β2n`1, ω3 “

n
ÿ

j“1

β2j´1 ^ β2j ,

P “ η ^ ω3, Q “
1

2
ω3 ^ ω3,

dη “ 2ω3, dP “ 4Q



Sasaki-Einstein manifolds

Canonical SE connection [Harland, Nölle 11]

‚ Torsion (a “ 1, . . . , 2n)

T a “
n` 1

2n
Paµν β

µν , T 2n`1 “ P2n`1µν β
µν

‚ Is an instanton for the Sasaki-Einstein SUpnq-structure

‚ Its lift ΓP to M2n`1 ˆ I is an instanton for the pushforward

SUpnq-structure Q
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Kähler-torsion sine-cones

Procedure [BILPS 14]

‚ Push SE SUpnq-structure forward to M2n`1 ˆ p0,Λπq

‚ Transformation to the sine-cone:

βµ ÞÑ Λ sinp rΛqβ
µ “ Λ sinpϕqβµ, β2n`1 ÞÑ β2n`1

‚ Extends to Kähler-torsion structure given by

g “ Λ2 sinpϕq2 g2n`1 ` dr2,

ω “ Λ2 sinpϕq2 ω3 ` Λ sinpϕq dr ^ η

Ñ approaches Calabi-Yau cone over M2n`1 as Λ Ñ8
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Kähler-torsion sine-cones

Torsion of Bismut connection

T̃ “ J dω “
2

Λ
tan

`ϕ

2

˘

ω ^ η

Sine-cone metric

g “ Λ2 sinpϕq2 g2n`1 ` dr2 “ Λ2 sinpϕq2
`

g2n`1 ` dτpϕq2
˘

ñ conformal equivalence to the cylinder,

τpϕq “ log
´

2Λ tan
´ϕ

2

¯¯
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Kähler-torsion sine-cones

Reduction of the instanton equations ˚QKT ^ F “ ´ ˚ F

Ansatz: A “ Γ`Xµ b β
µ, with Γ lift of SE canonical connection

With 9Xµ “
d
dτXµ, supn` 1q

loooomoooon

IA

“ supnq
loomoon

Ii

‘ m
loomoon

Iµ

Matrix equations for pullback to cylinder

rIi, Xas “ f biaXb and rIi, X2n`1s “ 0,

rXa, Xbs “ f 2n`1
ab

`

X2n`1 `
1

2n
9X2n`1

˘

` f j
ab Njpτq,

rX2n`1, Xas “ f b
2n`1 a

`

Xb `
n

n` 1
9Xb

˘
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Kähler-torsion sine-cones

Instanton eqns. on the cylinder

‚ Ansatz: Xa “ ψ Ia, X2n`1 “ χ I2n`1,

‚ Matrix equations reduce to (compare [Harland, Nölle 11])

9ψ “
n` 1

n
ψ pχ´ 1q and 9χ “ 2n pψ2 ´ χq

‚ Solutions:
`

ψpτq, χpτq
˘

“ p0, 0q, orignial instanton
`

ψpτq, χpτq
˘

“ p1, 1q, ∇LC of CY metric cone
`

ψpτq, χpτq
˘

“ p0, C expp´4 τqq infinite action
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Conical hyper-Kähler-torsion structures



3-Sasakian manifolds

3-Sasakian manifolds

‚ d “ 4n` 3, Structure group Sppnq Ă SOp4n` 3q

‚ Geometric data

ηα “ ´β4n`α, P “
1

3

`
ř

α η
α ^ ωα ` η123

˘

, Q “
1

6

ř

α ω
α ^ ωα,

ω1 “

n
ÿ

j“1

`

β4j´3 ^ β4j ` β4j´2 ^ β4j´1
˘

,

ω2 “

n
ÿ

j“1

`

´β4j´3 ^ β4j´1 ` β4j´2 ^ β4j
˘

,

ω3 “

n
ÿ

j“1

`

β4j´3 ^ β4j´2 ` β4j´1 ^ β4j
˘



3-Sasakian manifolds

These satisfy

dη4n`α “ εαβγ η
β ^ η4n`γ ` 2ωα,

dωα “ 2 εαβγ η
4n`β ^ ωγ

Canonical 3S connection Γ [Harland, Nölle 11]

‚ Torsion

T a “
3

2
Paµν β

µν , Tα “ 3P4n`αµν β
µν

‚ Is an instanton for the 3-Sasakian Sppnq-structure

‚ Its lift ΓP to Md ˆ I is an instanton for the pushforward

Sppnq-structure Q
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Conical HKT structures

KT sine-cone: 3-Sasakian manifolds are SE, previous construction

HKT sine-cone [BILPS 14]: Need three Kähler forms

‚ On M ˆ I, introduce ωαK – 1
2 η

α
ρλ β

4n`ρ ^ β4n`λ,

α “ 1, 2, 3, ρ, λ “ 1, 2, 3, 4, ηαρλ ’t Hooft symbol

‚ For f1 “ f1pϕq, f2 “ f2pϕq, put

ω̃α “ Λ2 sin2pϕq pf1 ω
α ` f2 ω

α
Kq

Ñ induce quaternionic structure on M ˆ I



Conical HKT structures

HKT connection

‚ Exists ô J1 dω̃1 “ J2 dω̃2 “ J3 dω̃3 [Gauduchon 97]

‚ We have J1 dω̃1 “ J2 dω̃2 “ J3 dω̃3 „ P ô

9f sinpϕq ` 2f cospϕq “ 0,

9f2 sinpϕq ` 2f2 pcospϕq ´ 1q ` 2f “ 0

for f – f1 ´ f2



Conical HKT structures

Solved by

f1 “
2c2

cos4p
ϕ
2 q
`

2c

sin2pϕq
and f2 “

2c2

cos4p
ϕ
2 q
`

c

sin2pϕq

Matches HK metric cone for Λ Ñ8 for c “ c1
Λ3

Metric on M ˆ I reads

g “ Λ2 sinpϕq2
`

f1 δab β
abβb ` f2 δαβ β

αbββ
˘

` f2 dr2



Conical HKT structures

Reduction of the instanton equations: Conf. Eq. to cylinder

‚ Instanton equation: ˚QHKT ^ F “ ´ ˚ F

‚ Ansatz: Extension of Γ, i.e. A “ Γ`Xµpτq b β
µ,

where µ “ 1, . . . , 4n` 3,

f C
AB structure constants of sppn` 1q “ sppnq ‘m

Reduced instanton equations for Γ on HKT space

rIi, Xas “ f b
ia Xb and rIi, X4n`αs “ 0,

rXa, Xbs “ f 4n`α
ab X4n`α ` f

i
ab Ni,

rXa, X4n`βs “ f b
a 4n`β pXb ` 9Xbq,

rX4n`α, X4n`βs “ f 4n`γ
4n`α 4n`β pX4n`γ `

1

2
9X4n`γq
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Conical HKT structures

Using Xapτq “ ψpτq Ia and X4n`αpτq “ χpτq I4n`α, these

reduce to

9ψ “ ψ pχ´ 1q and 9χ “ 2χ pχ´ 1q as well as χ “ ψ2

Solutions

pχ, ψq “ p0, 0q canonical 3S connection

pχ, ψq “ p1,˘1q Stationary Extensions

χ “ ψ2 “
1

2

`

1´ tanhpτ´τ0q
˘

Interpolating solutions



Nearly Kähler sine-cones – ansatz part I



SUp2q-structures in 5 dimensions

Defining sections [Conti, Salamon 05]

‚ 1-form η “ ´β5,

‚ 2-forms ωi “ 1
2 η

i
ab β

a ^ βb,

ηiab ’t Hooft symbols, i.e.

ω1 “ β14 ` β23, ω2 “ ´β13 ` β24, ω3 “ β12 ` β34

Sasaki-Einstein SUp2q-structure

The SUp2q-structure pη, ωiqi“1,2,3 is Sasaki-Einstein if

[Fernandez et al. 06]

dη “ 2ω3, dω1 “ ´3 η ^ ω2, dω2 “ 3 η ^ ω1
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Nearly Kähler sine-cones – ansatz part I

Procedure

‚ Push SUp2q-structure to M5 ˆ I

‚ Construct Kähler-torsion sine-cone over SE M5

‚ Employ additional deformation:

βµ ÞÑ βµϕ – exp
´ r

2 Λ
η2
¯µ

ν
βν

Yields global forms

η̃ “ Λ sinpϕq η,

ω̃1 “ Λ2 sinpϕq2
`

cospϕqω1 ´ sinpϕqω3
˘

,

ω̃2 “ Λ2 sinpϕq2 ω2,

ω̃3 “ Λ2 sinpϕq2
`

cospϕqω3 ` sinpϕqω1
˘



Nearly Kähler sine-cones – ansatz part I

Nearly Kähler SUp3q-structure on CsinpM
5q:

ω “ ω̃3 ` dr ^ η̃, Ω` “ ω̃2 ^ η̃ ´ ω̃1 ^ dr,

Ω´ “ ´
`

ω̃1 ^ η̃ ` ω̃2 ^ dr
˘

Matrix equations for nK sine-cone for extensions of ΓP

“

Ii, Xµ

‰

“ f ν
iµ Xν ,

“

X5, Xb

‰

“
3

2Λ
η3 a
b

´

cotpϕqXa `
2

3
9Xa

¯

´
3

2Λ
η1 a
b Xa,

“

Xa, Xb

‰

“
2

Λ
η3
ab

´

cotpϕqX5 `
1

4
9X5

¯

´
2

Λ
η1
abX5 `Nab

Here 9Xµ “
d

dϕ Xµ, however, no solutions have been found
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Nearly Kähler sine-cones – nK canonical connection



Nearly Kähler sine-cones – nK canonical connection

The nK canonical connection Γsup3q of CsinpM
5q

‚ Can be computed from Maurer-Cartan equations

dβµ̂ “ ´Γµ̂ν̂ ^ β
ν̂ `

1

2
T µ̂ν̂ρ̂ β

ν̂ ^ βρ̂

‚ sup3q-valued connection on CsinpM
5q,

totally antisymmetric torsion, which is parallel w.r.t. Γsup3q

ñ Γsup3q is an sup3q-valued instanton on CsinpM
5q

(e.g. [Harland, Nölle 11])
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Nearly Kähler sine-cones – nK canonical connection

More on Γsup3q

‚ Splits into new sup2q-valued connection plus m-valued rest:

Γsup3q “ Γsup2q`Bprqµ b β
µ

We observed, RΓsup2q
“ RΓP

Γsup2q is an instanton

Γsup2q is a new sup2q-valued instanton on the nK sine-cone.
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Nearly Kähler sine-cones – ansatz part II

Reduction of instanton equations using Γsup2q

‚ New ansatz: A “ Γsup2q `Xµ b β
µ

Matrix equations for nK sine-cone using Γsup2q

“

Ii, Xµ

‰

“ f ν
iµ Xν ,

“

Xa, Xb

‰

“
1

2Λ
η3
ab

´

5 cotpϕqX5 ` 9X5

¯

´
2

Λ
η1
abX5 `Nab,

“

X5, Xa

‰

“
1

2Λ
η3 b
a

´

5 cotpϕqXb ` 2 9Xb

¯

´
3

2Λ
η1 b
a Xb `

1

2Λ
η3 b
a η2c

bXc
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Nearly Kähler sine-cones – ansatz part II

‚ Ansatz: Recall Γsup3q “ Γsup2q`Bprqµ b β
µ

Thus, use Xa “ ψpϕqBa, X5 “ χpϕqB5

‚ Algebraic equation:

sinpϕq
´

ψ2pϕq ´ χpϕq
¯

“ 0

Simplifies other equations to

9χpϕq “ 9ψpϕq “ 0 and ψpϕq
`

ψpϕq2 ´ 1
˘

“ 0
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Nearly Kähler sine-cones – ansatz part II

Solutions

‚ pψ, χq “ p0, 0q:

Consistency, for original connection was an instanton

‚ pψ, χq “ p1, 1q:

Independent proof that Γsup3q is an instanton

Ñ using explicit methods

‚ pψ, χq “ p´1, 1q:

Another instanton solution, reflection of βa

‚ Algebraic constraint excludes interpolating solutions

for finite Λ
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Half-flat cylinders

Procedure

‚ Lift SE SUp2q-structure to M5 ˆ I

‚ Employ deformation depending on parameters pζ, %q:

β1
z “ β1, β2

z “ cospζqβ4 ` sinpζqβ3,

β3
z “ β2, β4

z “ cospζqβ3 ´ sinpζqβ4,

β5
z “ % β5 β6

z “ β6

ñ Two-parameter family of SUp2q-structures on M5 ˆ I

ñ Two-parameter family of half-flat SUp3q-structures



Half-flat cylinders

Instanton condition

‚ Algebraic bundle condition ô ˚pωz ^ FAq “ ´FA

ô ωz ^ ωz ^ FA “ 0 and Ωz ^ FA “ 0

‚ Here we just impose

Ωz ^ FA “ 0

Implies dΩz ^ FA “ pW1 ωz ^ ωz `W2 ^ ωzq ^ FA “ 0

‚ Note: W`
2 “

3´4%2

3%

`

ω3
z ` 2 ηz ^ dr

˘



Half-flat cylinders

ΓP still is an instanton in this sense

Reduction with A “ ΓP `Xµ b β
µ leads to

Matrix equations for half-flat cylinders

“

Ii, Xµ

‰

“ f ν
iµ Xν ,

“

Xa, Xb

‰

“ ´ 2 % η2
abX5 `

2%2

3
η3
ab

9X5 `Nab,

“

X5, Xa

‰

“
3

2%
η2 b
a Xb ` η

3 b
a

9Xb



Half-flat cylinders

ΓP still is an instanton in this sense

Reduction with A “ ΓP `Xµ b β
µ leads to

Matrix equations for half-flat cylinders

“

Ii, Xµ

‰

“ f ν
iµ Xν ,

“

Xa, Xb

‰

“ ´ 2 % η2
abX5 `

2%2

3
η3
ab

9X5 `Nab,

“

X5, Xa

‰

“
3

2%
η2 b
a Xb ` η

3 b
a

9Xb



Half-flat cylinders

‚ Ansatz introducing new constant parameter θ:

X1 “ ψ pcospθq I1 ` sinpθq I4q ,

X4 “ ψ pcospθq I4 ´ sinpθq I1q ,

X2 “ ψ pcospθq I2 ` sinpθq I3q ,

X3 “ ψ pcospθq I3 ´ sinpθq I2q ,

X5 “ χ I5

‚ Solutions: Two isolated instantons

θ “
π

4
: ψ “ ˘1 , χ “ ´

1

%
,

θ “
3π

4
: ψ “ ˘1 , χ “ `

1

%



Half-flat cylinders

New instantons are constant extensions of ΓP

on constant deformations of Cartesian product M ˆ I

ñ Lifts of instantons living on M5

Thus instantons for either of the instanton conditions



Conclusions

‚ Constructed KT structures on sine-cones over SE manifolds

‚ In 6 dimensions we obtained nK and half-flat structures

from 5-d SE manifolds

‚ Constructed HKT structures as conical extensions of 3S

spaces

‚ Introduced reduction procedure for instanton equations

‚ Constructed instantons on all these spaces

‚ Hopefully interesting applications,

e.g. in heterotic model building
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Thank you for your attention
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