Institut fiir Theoretische Physik .;é‘

Instantons on conical extensions

of Sasakian manifolds

Severin Bunk

Institut fiir Theoretische Physik

Leibniz Universitat Hannover

Aug 11, 2014

[arXiv:1407.2948], [BLPS, to appear]
T. Ivanova, O. Lechtenfeld, A. Popov and M. Sperling



Outline

@ Motivation

@® Geometrical detour

© Instanton constructions

O Conclusions



Motivation



Cone constructions
e Link geometries in different dimensions
e Tool for constructing manifolds which rich structures [Bar 93; .. ]

— Valuable in explicit model building

e Have proven essential in the study of 4-manifolds [Donaldson 89],

not exhaustively studied in higher dimensions

e Explicit solutions important for model building in physics

[Harland, Nélle 11; Gemmer, Lechtenfeld 13; ...]



Geometrical detour — G-structures
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Reductions of principal bundles to subbundles
correspond to certain

nowhere-vanishing sections of their associated vector bundles

Ex.: Riemannian metric reduces F'(T'M) to SO(M, g)



Geometrical detour — G-structures

Reductions of principal bundles to subbundles
correspond to certain

nowhere-vanishing sections of their associated vector bundles

Ex.: Riemannian metric reduces F'(T'M) to SO(M, g)

A G-structure on M is a reduction of the frame bundle
F(TM) to a principal subbundle Q < F(TM) with struc-
ture group G < GL(D,R).




Geometrical detour — instanton conditions



Instanton conditions

Consider a G-structure Q < SO(M, g) on (M, g)
e Ad(SO(M,g)) ~ A*T*M

e Restrict this isomorphism:
Ad(Q) — A2T* M defines subbundle 117(Q) < A2\

— “Forms with components from g”



Instanton conditions

Consider a G-structure Q < SO(M, g) on (M, g)
e Ad(SO(M,g)) ~ A*T*M

e Restrict this isomorphism:
Ad(Q) — A2T* M defines subbundle 117(Q) < A2\

— “Forms with components from g”

An instanton on (M, g) w.r.t. Q is a connection on some

gauge bundle 28 over M whose field strength satisfies

FaeT(W(Q)® Ad(B)) = Q*(M, Ad(B))




Instanton conditions — implementations

Implementations of instanton conditions

e Annihilate spinor defining the G-structure

V(Fa)(e) =0
— heterotic strings

e Eigenspace of automorphisms of A27T* M
#(Q A Fp) = —Fy, where Qe Q¥4(M)

— independent of previous bundle constructions

— SUB)ind=6: W(Q) < #(wA Fa)=—F4



Instanton constructions — the idea



Preparing the stage

Consider manifold M? with an H-structure
e Induces pushforward H-structure Q on M% x

o Apply transformations to Q to obtain new H-structure Q’



Preparing the stage

Consider manifold M? with an H-structure
e Induces pushforward H-structure Q on M% x
o Apply transformations to Q to obtain new H-structure Q’

= In certain cases there exist extensions O’ — P,

where P is an G-structure on M% x I with H ¢ G



We consider O'c P with g = H@®m and m ~ T, M?

Extend an h-valued instanton [ivanova, Popov 12]: A = I+ X ® 3/
— X Ad-equivariant 1-form, 3 coframes on M% x I, ji = (pu,d +1)



We consider O'c P with g = H@®m and m ~ T, M?

Extend an h-valued instanton [ivanova, Popov 12]: A = I+ X ® 3/
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We consider O'c P with g = H@®m and m ~ T, M?

Extend an h-valued instanton [ivanova, Popov 12]: A = I+ X ® 3/
— X Ad-equivariant 1-form, 3 coframes on M% x I, ji = (pu,d +1)

Field strength: T = torsion of I'
1 ) ) )
F = Rr+dXg n "+ 3 ([Xﬂ,Xﬁ] + T, X&> B A B?
+1 <[IiaXﬂ] - fiﬂﬁXﬁ> A BP
X has frame-independent coefficients w.r.t. Q’,

< I, Xpl = pe1)’ s Xo = f1p" Xo, 9 = @_m



With X441 =0, X, = X,,(r) and X, = & X:

: 1
F = Rp+(XM+T5d+1H X[;) ﬁd““+§ (X, X)) + 77, Xo) B



With X441 =0, X, = X,,(r) and X, = & X:

. 1
F = Rp+(XM+T5d+1H X5> ﬁd““+§ (X, X)) + 77, Xo) B

Adding a zero such that the second term becomes instanton
. 1
F= RF - (XH + T6d+1/1« X§> ® <ﬁ’ud+1 - 5 N/LVK BVK)

VK

% (T“ X, 4 [Xo, Xo] = N2 (X + T X5)> ® B

J

"

Require this to be an instanton



The ansatz

Matrix equations

Frame independence

[L;, Xu] = fi,uy Xy

Reduced instanton equations

[XM,X,,] = _TU/W XU + NUMV (XU + Tnd+10 X’i) +N/“’

W = g oo ([Xe X)) @ % n

must be an instanton as well



Kahler-torsion sine-cones



Sasaki-Einstein manifolds

Sasaki-Einstein manifolds
e d =2n+ 1, Structure group SU(n) < SO(2n + 1)

e Geometric data

n

n = _BQTH-I’ w3 _ Z BQj—l A ,82j,
j=1
1

P=nnuw, Qzﬁwg/\w‘g’,

dn = 2w3, dP =4Q



Sasaki-Einstein manifolds

Canonical SE connection [Harland, Nélle 11]

e Torsion (a=1,...,2n)

n+1
T = Tpa;w ﬁwja T2n+1 = P2n+1;w /Bl“j



Sasaki-Einstein manifolds

Canonical SE connection [Harland, Nélle 11]

e Torsion (a=1,...,2n)
n+1

T = Tpa;w ﬂ;u/’ T2n+1 = P2n+1;w /Blw

e Is an instanton for the Sasaki-Einstein SU(n)-structure

e lts lift I'" to M?"*! x I is an instanton for the pushforward

SU(n)-structure Q



Kahler-torsion sine-cones

Procedure [BILPS 14]
o Push SE SU(n)-structure forward to M2+ x (0, Ar)

e Transformation to the sine-cone:
B* — Asin(§) p* = Asin(g) gH, g+l gon+l



Kahler-torsion sine-cones

Procedure [BILPS 14]
o Push SE SU(n)-structure forward to M2+ x (0, Ar)
e Transformation to the sine-cone:
B# — Asin(f) g = Asin(p) B#, 2+ 520F1
e Extends to Kahler-torsion structure given by
g = A?sin(p)? gopy1 + dr?,
w = A? sin(p)? w3 + A sin(p)dr A 7

— approaches Calabi-Yau cone over M?"*! as A —



Kahler-torsion sine-cones

Torsion of Bismut connection

~ 2
T=de=Ktan(§)wA77



Kahler-torsion sine-cones

Torsion of Bismut connection
~ 2
T=Jdw= Ktan(%)wAn

Sine-cone metric
g=A? sin(gp)2 Gons1 + dr? = A2 sin(<p)2 (92n+1 + dT(<p)2)
= conformal equivalence to the cylinder,

T(p) = log <2Atan (g))



Kahler-torsion sine-cones

Reduction of the instanton equations *Qt A F = —x F

Ansatz: A =1+ X, ® ", with I' lift of SE canonical connection



Kahler-torsion sine-cones

Reduction of the instanton equations *Qt A F = —x F
Ansatz: A =1+ X, ® ", with I' lift of SE canonical connection

With X, = X, su(n+1) = su(n) ®_m
Ia I; I,“'

Matrix equations for pullback to cylinder

[IiaXa] = fibaXb and [IiaX2n+l] =0,
1 . .
[Xa» Xo] = fo ™" (Xoms1 + o= Xons1) + f” Nj(7),

— b nox
[X2n+17Xa] = f2n+1a (Xb + n+1 Xb)




Kahler-torsion sine-cones

Instanton eqns. on the cylinder
o Ansatz: X, = ¢ Iy, Xony1 = X Lon+1,

o Matrix equations reduce to (compare [Harland, Nslle 11])

p="ly(x-1) and ¥ =2 ~x)




Kahler-torsion sine-cones

Instanton eqns. on the cylinder
o Ansatz: X, = ¢ Iy, Xony1 = X Lon+1,

o Matrix equations reduce to (compare [Harland, Nslle 11])

g="" (-1 and K=~ y)
e Solutions:
(1/1(7'), X(T)) = (0,0), orignial instanton
(7/1(7'), X(T)) =(1,1), VL€ of CY metric cone

(¥(7), x(7)) = (0, C exp(—47)) infinite action



Conical hyper-Kahler-torsion structures



3-Sasakian manifolds

3-Sasakian manifolds
e d = 4n + 3, Structure group Sp(n) < SO(4n + 3)

e Geometric data

1
(Zan® Aw* +0'%), Q=Y w A,

,r]oz _ _54n+a’ P = 5

1
3
(,84‘7 3 /84] +B4j—2 A ﬁ4j—1),

||
1=

<.
Il
—

-3 A l84j—1 +B4]_2 A ,84]),

<
Il
—_

S
[\

r

= L=
Q

(I84j B4j—2 + ,B4j_1 A /84j)

<.
Il
—_



3-Sasakian manifolds

These satisfy

dn4n+a _ 5%7 77,6’ A 774n+'y + 2wa’

An+p

dw® =263, 7 AW



3-Sasakian manifolds

These satisfy

dpinte — €3, n? A Y 4 20,

An+p

dw® =263, 7 AW

Canonical 3S connection I' [Harland, N&lle 11]

e Torsion

3
T = §Pa;w IB#”) T = 3P4n+a/41/ ﬁ/“/



3-Sasakian manifolds

These satisfy

d774n+a _ 5%’\/ 77/8 A ,'74n+'y + 2wo<’

An+p

dw® =263, 7 AW

Canonical 3S connection I' [Harland, N&lle 11]

e Torsion

3
T = §Pa;w IB#”) T = 3P4n+a/41/ ﬁwj

e Is an instanton for the 3-Sasakian Sp(n)-structure

o lts lift I'” to M? x I is an instanton for the pushforward
Sp(n)-structure Q



Conical HKT structures

KT sine-cone: 3-Sasakian manifolds are SE, previous construction

HKT sine-cone [BILPS 14]: Need three Kahler forms
o On M x I, introduce w¢ = 3 9o pAnte A gintA,

a=1,2,3, pA=1234, 5, 't Hooft symbol

e For fi = fi(¢), fa = fa(p), put
0% = A?sin®() (f1 w* + fo w?)

— induce quaternionic structure on M x I



Conical HKT structures

HKT connection
e Exists < J'do! = J?dw? = J? d@? [Gauduchon 97]
o We have J'da! = J%2da? = J3da® ~ P =
Fsin(p) + 2f cos(g) = 0,
f2 sin(g) + 2 (cos(p) — 1) + 2f = 0

for f=fi—fo



Conical HKT structures

Solved by
2¢o 2c 2co c
- d =
h cos*(£)  sin®(p) and  fz cos* (%) * sin?(y)

Matches HK metric cone for A — o0 for ¢ = %

Metric on M x I reads

9= A sin(p)? (f10a B°® B’ + f2 005 B°RB7) + fodr?



Conical HKT structures

Reduction of the instanton equations: Conf. Eq. to cylinder
e Instanton equation: *Qukt A F'=—* F
o Ansatz: Extension of I', i,e. A=T+ X, (7)® p*,
where = 1,...,4n + 3,
fap¢ structure constants of sp(n + 1) = sp(n) ®m



Conical HKT structures

Reduction of the instanton equations: Conf. Eq. to cylinder
e Instanton equation: *Qukt A F'=—* F
o Ansatz: Extension of I', i,e. A=T+ X, (7)® p*,
where = 1,...,4n + 3,
fap¢ structure constants of sp(n + 1) = sp(n) ®m

Reduced instanton equations for I' on HKT space

[Ii?Xa] = fiabXb and [IiaX4n+a] = 07
[Xa, Xo] = £, """ Xania + fup N;
[Xas Xant 5] = faanys” (Xo + X5),

4n+y (

1.
[X4n+a7 X4n+6] = f4n+a An+p X4n+'y + §X4n+’y)




Conical HKT structures

Using Xo(7) = 9¥(7) 1, and  Xunial(T) = X(7) Lin+ta. these

reduce to

p=1(x—1) and x=2x(x—1) aswellas y=71?

Solutions
(x,¥) = (0,0) canonical 3S connection
() =(1,+£1) Stationary Extensions
X =1 = %(1 — tanh(7—79)) Interpolating solutions



Nearly Kahler sine-cones — ansatz part |



SU(2)-structures in 5 dimensions

Defining sections [Conti, Salamon 05]

e I-form 7 = —35,

i 1.4 ga b
e 2-forms w' = 3S7', B4 A B,

', 't Hooft symbols, i.e.

wl — 614 4 ﬁ237 OJ2 — _513 + 5247 w3 _ 512 + 534



SU(2)-structures in 5 dimensions

Defining sections [Conti, Salamon 05]
e 1-form 7 = —p3°,
e 2-forms w' = %niab Be A B,
', 't Hooft symbols, i.e.

wl — 614 4 ﬁ237 OJ2 — _513 + 5247 w3 _ 512 + 534

Sasaki-Einstein SU(2)-structure

The SU(2)-structure (1, w®);—123 is Sasaki-Einstein if

[Fernandez et al. 06]

dn = 203, dw! = —317/\(.02, dw? = 3n A wh




Nearly K&hler sine-cones — ansatz part |

Procedure
e Push SU(2)-structure to M® x I

e Construct Kihler-torsion sine-cone over SE M®

e Employ additional deformation:
Iy Bl . T2\ o
= B = exp <2A ) P

Yields global forms



Nearly K&hler sine-cones — ansatz part |

Nearly Kihler SU(3)-structure on Cg, (M?°):

w=0&%4+dr A, O = An—o
1,

- (@



Nearly K&hler sine-cones — ansatz part |

Nearly Kihler SU(3)-structure on Cg, (M?°):

w=&>+dr A, QO =@?Af— d)l/\dr,
ol A

Matrix equations for nK sine-cone for extensions of I'*’

[IiaX,u] = fiuVXU7
3 ., 2 . 3
(X5 %] = 5 s (cot(go) X, + §Xa> A 1%¢ Xa,

2 1 .
[Xa,Xb] = K773ab (cot(go) X5 + ZXS) 1 77 ab X5 + Nap

dr)

Here X, = % Xy, however, no solutions have been found



Nearly Kahler sine-cones — nK canonical connection



Nearly K&hler sine-cones — nK canonical connection

The nK canonical connection T’ of Cin (M)

e Can be computed from Maurer-Cartan equations

) X N P
dﬂl‘:—F“ﬁ/\ﬂ"—l-éT’;ﬁﬂ”/\B”



Nearly K&hler sine-cones — nK canonical connection

The nK canonical connection T’ of Cin (M)

e Can be computed from Maurer-Cartan equations
N 1
dpt = — /\ﬁ”+ T ﬂ”/\ﬂ”
e su(3)-valued connection on C’Sin(M5),

totally antisymmetric torsion, which is parallel w.r.t. T’y

= T'yy(3) is an su(3)-valued instanton on Cain (M)

(e.g. [Harland, N&lle 11])



Nearly K&hler sine-cones — nK canonical connection

More on T';,3)

e Splits into new su(2)-valued connection plus m-valued rest:

1_‘5u(3) = rsu(‘Z) + B(r)u ® B



Nearly K&hler sine-cones — nK canonical connection

More on T';,3)

e Splits into new su(2)-valued connection plus m-valued rest:
1_‘5u(3) = rsu(‘Z) + B(r)u ® p*

We observed, /71,

__) - jl)/l*I»’

\

Satisfies instanton condition



Nearly K&hler sine-cones — nK canonical connection

More on T';,3)

e Splits into new su(2)-valued connection plus m-valued rest:
1_‘5u(3) = Iﬁsu(‘Z) + B(T)ll ® B

We observed, /71,

__) - jl)/lﬂl»’

\

Satisfies instanton condition

L'su(2) is an instanton

Lsy(2) is a new su(2)-valued instanton on the nK sine-cone.
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Reduction of instanton equations using 'y,

o New ansatz: A = Tgy2) + X, ® *



Nearly Kahler sine-cones — ansatz part |l

Reduction of instanton equations using 'y,

o New ansatz: A = Tgy2) + X, ® *

Matrix equations for nK sine-cone using Iy (2)

[Ii7 X/,L] = fiy,y XI/7
1 . 2
[Xa,Xb] =51 773ab (5 cot(p) X5 + X5> A nlab X5 + N,
L 3y '
(X5 Xa] = 57 7% (5 cot(p) Xy + 2Xb>
3 1
_ ﬁ nlab Xb + ﬁ ,,73ab n?cb Xc




Nearly Kahler sine-cones — ansatz part |l

e Ansatz: Recall Tgyg) = 'oyo) + B(r), ® "

Thus, use X, = ¥(¢) Ba, X5 = x(¢) Bs



Nearly Kahler sine-cones — ansatz part |l

o Ansatz: Recall T3 = 1,00) + B(r), @ B
Thus, use X, = ¥(¢) Ba, X5 = x(¢) Bs
e Algebraic equation:
sinp) (¥2(¢) = x()) = 0
Simplifies other equations to

X(¢) =¥(p) =0 and ¥(p)(V(p)? —1) =



Nearly Kahler sine-cones — ansatz part |l

Solutions

e (¥,x) = (0,0):

Consistency, for original connection was an instanton



Nearly Kahler sine-cones — ansatz part |l

Solutions

e (¥,x) = (0,0):

Consistency, for original connection was an instanton

o (¢,x) = (1,1):
Independent proof that I, ;) is an instanton

— using explicit methods

® (¢7X) = (_17 1):

Another instanton solution, reflection of 3¢



Nearly Kahler sine-cones — ansatz part |l

Solutions

e (¥,x) = (0,0):

Consistency, for original connection was an instanton

o (¢,x) = (1,1):
Independent proof that I, ;) is an instanton

— using explicit methods

® (¢7X) = (_17 1):

Another instanton solution, reflection of 3¢

¢ Algebraic constraint excludes interpolating solutions

for finite A



Half-flat cylinders



Half-flat cylinders

Procedure
e Lift SE SU(2)-structure to M° x [
e Employ deformation depending on parameters ((, 0):
Br=p'  B7=cos(¢) B! +sin(¢) 5,
B2 =8% B =cos(¢) B —sin(C) B,
B2=0p" BL=p°
= Two-parameter family of SU(2)-structures on M5 x I

= Two-parameter family of half-flat SU(3)-structures



Half-flat cylinders

Instanton condition

e Algebraic bundle condition < #(w, A Fu) = —Fy4
< W, Aw, AF4=0 and Q, A F4=0
e Here we just impose
QL AFy=0

Implies dQ, A Fy= Wiw, Aw, + Wo Aw,) A Fg=0

o Note: W, = 3_3?2 (w3 +2m, A dr)




Half-flat cylinders

I'" still is an instanton in this sense



Half-flat cylinders

I'" still is an instanton in this sense

Reduction with A =T'" + X, ®p* leads to

Matrix equations for half-flat cylinders

[I’ia X;L] = fip,y Xy,

[Xa, X3

2@2 .
-2 anab X5+ 3 773ab X5 + Nap,

3 .
St b X, w2t X,

[X57Xa] 20




Half-flat cylinders

e Ansatz introducing new constant parameter 0:

X5 = x1I5

e Solutions: Two isolated instantons

™ 1
Z : 1/} = =1 , X = _Ea
3 '
1

0=

1
0= Y==x1, x=+-
1%



Half-flat cylinders

New instantons are constant extensions of 'Y

on constant deformations of Cartesian product M x I
= Lifts of instantons living on M?°

Thus instantons for either of the instanton conditions
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e Constructed KT structures on sine-cones over SE manifolds
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Conclusions

e Constructed KT structures on sine-cones over SE manifolds

e In 6 dimensions we obtained nK and half-flat structures
from 5-d SE manifolds

e Constructed HKT structures as conical extensions of 3S

spaces

e Introduced reduction procedure for instanton equations

e Constructed instantons on all these spaces

e Hopefully interesting applications,

e.g. in heterotic model building



Thank you for your attention
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